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FOREWORD

MYP 2 second edition has been designed and written for the IB Middle Years Program (MYP)
Mathematics framework.

This book may also be used as a general textbook at about 7* Grade level in classes where students
complete a rigorous course in mathematics. We have developed this book independently of the
International Baccalaureate Organization (IBO) in consultation with experienced teachers of 1B
Mathematics. The text is not endorsed by the IBO.

It is not our intention that each chapter be worked through in full. Teachers must select carefully,
according to the abilities and prior knowledge of their students, to make the most efficient use of
time and give as thorough coverage of content as possible.

Each chapter begins with an Opening Problem, offering an insight into the application of the
mathematics that will be studied in the chapter. Important information and key notes are highlighted,
while worked examples provide step-by-step instructions with concise and relevant explanations.
Discussions, Activities, Investigations, Puzzles, and Research exercises are used throughout the
chapters to develop understanding, problem solving, and reasoning, within an interactive
environment.

We understand the emphasis that the IB MYP places on the six Global Contexts, and in response
there are online links to ideas for projects and investigations to help busy teachers (see p. 6).

Frequent use of the interactive online features should nurture a much deeper understanding and
appreciation of mathematical concepts. The inclusion of our software (see p. 4) is intended
to help students who have been absent from classes or who experience difficulty understanding the
material.

The book contains many problems to cater for a range of student abilities and interests, and efforts
have been made to contextualise problems so that students can see the practical applications of the
mathematics they are studying.

We welcome your feedback. Email: info@haesemathematics.com.au

Web: www.haesemathematics.com.au

PMH, SHH, MH, EK, PV
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ONLINE FEATURES

There are a range of interactive features which are available online.
With the purchase of a new hard copy textbook, you will gain 15 months subscription to our online product.
This subscription can be renewed annually for a small fee.

COMPATIBILITY

For iPads, tablets, and other mobile devices, the interactive features may not work. However, the
electronic version of the textbook and additional chapters can be viewed online using any of these
devices.

REGISTERING

You will need to register to access the online features of this textbook.
Visit www.haesemathematics.com.au/register and follow the instructions. Once you have registered, you
can:

e activate your electronic textbook

e use your account to make additional purchases.

To activate your electronic textbook, contact Haese Mathematics. On providing proof of purchase, your
electronic textbook will be activated. It is important that you keep your receipt as proof of purchase.

For general queries about registering and licence keys:
e Visit our Frequently Asked Questions page: www.hacsemathematics.com.au/faq.asp
e Contact Haese Mathematics: info@haesemathematics.com.au

ONLINE VERSION OF THE TEXTBOOK

The entire text of the book can be viewed online, allowing you to leave your textbook at school.

SELF TUTOR

Self Tutor is an exciting feature of this book.

The EEEZAIRIEY icon on each worked example denotes an active online link.

Simply ‘click’ on the EEEFIRME (or anywhere in the example box) to access the worked
example, with a teacher’s voice explaining each step necessary to reach the answer.

Play any line as often as you like. See how the basic processes come alive using
movement and colour on the screen.
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GLOBAL CONTEXTS

The International Baccalaureate Middle Years Programme focuses teaching and learning through six
Global Contexts:

e Identities and relationships e Scientific and technical innovation
e Orientation in space and time e Globalisation and sustainability
e Personal and cultural expression e Fairness and development

The Global Contexts are intended as a focus for developing connections
between different subject areas in the curriculum, and to promote
an understanding of the interrelatedness of different branches of
knowledge and the coherence of knowledge as a whole.

Click on the
heading to access
the online link.

Global Shikaku puzzles

context
Statement of inguiry: Solving mathematical puzzies can help us to belter

understand mathematical concepts
Global context: Scientific and 1echnical mnovation

Key concept: Logic

chickChere Related concepts: Patiern. Measurcment

Objective: [nvestigating patlerns

dpproaches 1o learning:  Thinking. Social

There are six projects in this book, one for each of the Global Contexts:

Chapter 6:  Decimal numbers LEAP YEARS
p. 137 | Orientation in space and time
Chapter 8 Percentage ELECTIONS

p. 178 | Faimess and development
Chapter 11:  Measurement: Length and area | SHIKAKU PUZZLES
p. 247 | Scientific and technical innovation

Chapter 14:  Ratio NUTRITION
p. 305 | Identities and relationships

Chapter 16:  Solids PAPERCRAFT AND POLYGON MODELS
p. 337 | Personal and cultural expression

Chapter 20:  Rates POPULATION DENSITY

p. 412 | Globalisation and sustainability

Each project contains a series of questions, divided into:
e Factual questions (in green)
e Conceptual questions (in blue)
o Debatable questions (in red).

These questions should help guide the unit of work.

The projects are also accompanied by the general descriptor and a task-specific descriptor for each of the
relevant assessment criteria, to help teachers assess the unit of work.
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12 WHOLE NUMBERS (Chapter 1)

OPENING PROBLEM
A library has 17 bookcases labelled 1, 2, 3, ey 17,

The even numbered bookcases have 4 shelves, while
the odd numbered bookcases have 6 shelves.

Each shelf can hold 23 books.

Things to think about:
a How many even numbered bookcases are there?

b How many shelves are there, in total, in all the odd
numbered bookcases?

¢ How many books can an even numbered bookcase
hold?

d How many books can the library hold?

e The book shelves are completely full. The average
value of each book is $15. What is the total value
of the books in the library?

All over the world, people use numbers. They are a vital part of our lives, and have been important
to humans for thousands of years. To use numbers effectively, we need to understand the properties of
numbers and the operations between them.

Over the ages, different people have created their own number systems to help them count. The Ancient
Egyptians, Romans, and Greeks all used different symbols for their numbers, and helped to develop the
more efficient systems we use today.

ACTIVITY 1 AW ih s ! ROMAN NUMERALS

1 What do Roman numerals look like?

Why did the Romans use the symbols they used?
Where do we see Roman numerals today?

Write your age and the year of your birth in Roman numerals,

L B - B " I ]

Use matchsticks to solve these puzzles:
a Move just one matchstick to make this correct: l V l I

Il
<

b Move one matchstick to make this correct: ' I l " I I

Il
<

¢ Arrange 4 matchsticks to make a total of 15.
d Make this correct without removing any matchsticks: X I + l

I
>

e Remove 3 matchsticks to make this correct: V l ' + '

Il
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HISTORICALNOTE

There are still many number systems in use around the world, but the most common is the
Hindu-Arabic system. An early form of this system was established in ancient India around 3000 BC,
and the first of the modern characters was developed about 2000 years ago. Use of the system slowly
spread westwards, and in the 7th century AD it was adopted by the Arabs.

When we write any number, we write some combination of the ten symbols: 1, 2, 3, 4, 5, 6, 7, 8, 9,
and 0. These symbols are called digits. When we write these digits together, we form numerals that
represent numbers.

The numbers 0, 1, 2, 3,4, 5, 6,7, 8,9, 10, 11, 12, 13, .... are called the
natural numbers. They are also whole numbers, because they have no
fractional or decimal part.

Some people do not
include O in the
natural numbers.

The set of natural numbers is endless. There is no largest natural number,
so we say the set of all natural numbers is infinite.

There are three features of the Hindu-Arabic system that make it efficient:

e it uses only 10 digits to construct all of the natural numbers

e it has a place value system where digits represent different numbers
when placed in different place value columns

e it uses the digit 0 to show an empty place value.

PLACE VALUES

The place or position of a digit in a number determines its value.

For example, 5378 is really

5 thousand, 3 hundred and seventy eight ‘When a number is
written out as a sum, we
5000 + 300 + 70 + 8 call it expanded form.
You should already be familiar with the place values:
units 1 ten thousands 10000
tens 10 hundred thousands | 100000
hundreds | 100 millions 1000000
thousands | 1000 ten millions 10000000

m o) Self Tutor

a Write in numeral form the number “three thousand, two hundred and seven”.
b What number is represented by the digit 6 in the numeral 1695?

a 3207 b six hundred or 600
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EXERCISE 1A

1 Write in numeral form:
a seventeen b sixty four ¢ three hundred and twenty eight
d eight hundred and ten e two thousand, nine hundred and one
f five million, four hundred and two thousand, three hundred and ninety.

2 When writing out a cheque to pay a debt, the amount must be written in both numbers and words.
Write the following amounts in words:

a $36 b $405 ¢ £6501 d $11085 e $54760 f €285400
3 What number is represented by the digit 7 in these numerals?

a 47 b 76 ¢ 217 d 475

e 1731 f 7200 g 3867 h 271000

i 271043 j 7105839 k 67000000 I 146070
4 Write the following numbers using numerals:

a three more than nine b two less than twelve ¢ one more than 100

d 2 less than 3000 e the largest two digit number.

5 Write the following quantities in order, beginning with the smallest:

a one hundred and three dollars, $130, $113

b Wendy 118 cm, Xiao 109 cm, Sarah 126 cm, Kylie 116 cm

¢ giraffe 674 kg, hippopotamus 1872 kg, elephant 3058 kg, rhinoceros 2156 kg
d Cologne 157 m, Rome 138 m, Milan 107 m, Salisbury 123 m
e

£4100, fourteen pounds, four thousand pounds, forty thousand pounds,
fourteen thousand pounds.

[ Example 2 | ) Self Tutor

a Express 50000+ 6000+ 70+ 4 in simplest form.
b Write 6807 in expanded form.

a 50000 + 6000+ 70 44 = 56074
b 6807 = 6000+ 800+ 7

6 Express in simplest form:

a 6045 b 700+20+1
¢ 400+ 30 d 9000+ 80+4
e 50000 + 600 + 90 f 7000000 + 2000 + 60 + 3

7 Write in expanded form:
a 734 b 3928 ¢ 21080 d 630400

8 a Use all of the digits 4, 2, and 5 once only to write the smallest number you can.
b Write the largest number you can using the digits 6, 3, 0, 8, 2, and 5 once only.
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I NUMBER STRATEGIES

There are strategies we can use to add, subtract, multiply, and divide numbers without the use of a
calculator. With practice, you should be able to select the appropriate strategy then carry out the operations

mentally.

STRATEGIES FOR ADDITION

Strategy

Example

1. Look for numbers which add to a
multiple of 10. Change the order
of addition if necessary.

8+ 31 + 12
=8+12 + 31 {rearrange}
N——

= 20 +31
=51

| A multiple of 10
is a number that

2. Make up one number to a
multiple of 10. Balance using the
other number.

98 + 37
= (98+2)+ (37 2)
{+2 and — 2 balance}
=100+ 35

ends in zero.

=135
3. Split one of the numbers into 23+ 39
a multiple of 10 plus another | =23+30+9
number. =53+9
=62

STRATEGIES FOR SUBTRACTION

Strategy

Example

It is easier

1. Make both numbers larger or
smaller by the same amount.

77T —29

=78—-30 {add 1 to each number}

to subtract a
multiple of 10.

= 48
2. Split the second number into 87 — 45
a multiple of 10 and another | =87 —40—5
number. =47-5
=42
EXERCISE 1B.1
1 Find:
a 15425 25+ 17+ 15 18+ 24+ 12 d 8+ 259492
e 83+17+15 39+ 16+ 14 g 61424439 h 1374342 +63
2 Find:
a 68439 103 + 46 57 + 47 d 1007+ 54
e 207+ 88 996 + 707 g 2996 + 315 h 148+ 86
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3 Find:
a 24+15 b 33+18 ¢ 14437 d 35-+26
e 19447 f 67+24 g 82+35 h 78444
4 Find:
a 63—39 b 80 —21 € 66— 38 d 94 —47
e 9718 f 11426 g 153 —81 h 196 — 88

STRATEGIES FOR MULTIPLICATION

add or subtract the two
resulting products.

Strategy Example
1. To multiply by powers 8 x 70000
of 10, multiply by the | =8 x 7 x 10000
leading digit, then write | =56 x 10000 {four zeros}
the number of zeros | = 560000 {write four zeros at the end}
which follow.
2. To multiply three or 4 x 31 %25
more numbers we can | =31 x4 x 25
change the order of | =31 x 100
multiplication. = 3100
3. Double one number 14 x 3
and halve another. =(14+2)x (3x2)
=7x6
=42
4. Split one number then 43 x 12 {12 lots of 43}

= (43 x 10) + (43 x 2) {10 lots of 43 plus 2 lots of 43}
=430+ 86

=430480+6

=516

65 x 98 {98 lots of 65}
= (65 x 100) — (65 x 2) {100 lots of 65 minus 2 lots of 65}
= 6500 — 130

= 6370
EXERCISE 1B.2
1 Find:
a 7x40 b 60x8 ¢ 4x110 d 9x700
e 600 x 12 f 5x2000 g 4000 x 5 h 9 x 70000
2 Find:
a 2x13x5 b 4x9x25 ¢ 20 x5 x 31 d 3x40x%x5

e 6x7x20 f 8x3x25 g 4x7x50 h 8x9x125
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3 Find:
a 16x4 b 36x4 3x18 d 5x22
e 18x4 f 12x16 g 6x14 h 15x16
4 Find:
a 16 x9 b 31x11 28 x 8 d 9x106
e 7x99 f 8x103 g 13x14 h 37 %200
i 12 x 998 j 12 x 1005 k 16 x 2003 I 25 x 2997
STRATEGIES FOR DIVISION
Strategy Example
1. Look for a number which divides 98+ 14
exactly into both numbers. =49 =7 {dividing each number by 2}
Divide both numbers by it. =7
2. Look for a multiple of the number 27 +5

we are dividing by which is close
to the first number.

=(25+5)+(2+5) {25 isamultiple of 5
and is close to 27}

=5+ %
= 5%
3. Split the first number then add 153 +3 147 =3
or subtract the results of the two | = (150 +3) + (3 + 3) =(150+3) — (3+3)
divisions. =50+1 =50—-1
=51 =49

EXERCISE 1B.3

1 Find:
a 408 b 72+12
e 117+39 f 2088
2 Find:
a 16+5 b 29+4
e 205+5 f 186+3

ACTIVITY2

70+ 14 d 5628
g 21612 h 408 =24
46 + 3 d 28:6
g 2946 h 2177
STRATEGY TESTER

Click on the icon to run the strategy tester. Each set of questions should be done  STRATEGY
mentally using the strategies given in this Section.

TESTER

Your score will be shown, and you will be invited to redo the questions you answered

incorrectly.
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Often we do not need to know the exact value of a number,
but rather we want a reasonable estimate or approximation
of it.

For example, the Salt Lake Stadium in India holds about
120000 people. This estimate gives a good idea of the
stadium’s size, when the exact capacity is not known or not
required.

ROUNDING TO A POWER OF 10

We can round off numbers to the nearest power of ten.
For example, we can round off to the nearest 10, 100, or 1000.
157 is closer to 160 than to 150, so to round to the nearest 10, we round up to 160.
153 is closer to 150 than to 160, so to round to the nearest 10, we round down to 150.
We use the symbol ~ to mean “is approximately equal to”.

So, 157~ 160 and 153~ 150.

When a number is halfway between tens, we always round up. For example, 155 = 160.

ROUNDING TO A NUMBER OF FIGURES

We round to a number of significant figures if we believe this number of digits is important.

For example, the number 34 827 has 5 significant figures. @@é@@@

If we round 34 827 to 2 significant figures, then we make each digit EhS &2

from the 3rd significant figure be zero. round from here

Since the digit in the second place represents thousands, in this case rounding to 2 significant figures is
equivalent to rounding to the nearest thousand.

34827 is closer to 35000 than it is to 34000, so 34827 ~ 35000 (to 2 significant figures).

The rules for rounding off are:
e If the digit after the one being rounded off is less than 5 (0, 1, 2, 3, or 4),
then we round down.

e If the digit after the one being rounded off is 5 or more (5, 6, 7, 8, or 9),
then we round up.

Round off:

a 769 to the nearest 10 b 6705 to the nearest 100.

a 769 is closer to 770 than it is to 760, so 769 = 770.
b 6705 is closer to 6700 than it is to 6800, so 6705 ~ 6700.
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Round off:

a 3143 to 1 significant figure b 15579 to 2 significant figures.

a 3143 = 3000 {the 2nd significant figure is 1, so round down}
b 15579 ~ 16000 {the 3rd significant figure is 5, so round up}

EXERCISE 1C
1 Round off to the nearest 10:

a 62 b 43 ¢ 68 d 127

e 99 f 232 g 305 h 9995
2 Round off to the nearest 100:

a 412 b 264 ¢ 91 d 850

e 905 f 1952 g 18726 h 25870
3 Round off to the nearest 1000:

a 6218 b 2324 ¢ 6587 d 607

e 13500 f 9866 g 26315 h 254430
4 Round off to 1 significant figure:

a 46 b 205 c 394 d 467

e 863 f 1256 g 8888 h 49580
5 Round off to 2 significant figures:

a 682 b 206 ¢ 590 d 173

e 2019 f 3862 g 8973 h 16638

6 Round off the value to the accuracy given:
a $3165 (to the nearest $100)
a mass of 349 g (to 1 significant figure)
an altitude of 4621 m (to the nearest 100 m)
a crowd of 67891 (to the nearest 1000)
a car costs $26 990 (to 2 significant figures)

- 0 A A

an airport receives 695 flights each month  (to the nearest 10).

7 From 2008 to 2012, 178383 people completed the
Berlin Marathon.
Round off this number to:

a the nearest 10 b 2 significant figures
¢ the nearest 1000 d 4 significant figures.
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i - -

ESTIMATION

To help find errors in a calculation, it is useful to accurately estimate the answer. The estimate will tell

us if the computed answer is reasonable.

When estimating, we usually round each number to one significant figure and evaluate the result. We

call this a one figure approximation.

Estimate the value of 7235 x 591.

T

We round each number to one significant figure.

7235 x 591 = 7000 x 600
~2 4200000

We expect the answer to be about 4 million.

The estimate tells us the correct answer should have 7 places in it.

Example 6

Estimate 3946 + 79,

el Tutor

3946 =79
~ 4000 +- 80 {rounding to one significant figure}
~ 400 =8 {dividing each number by 10}
= 50

EXERCISE 1D

1 Estimate using a one figure approximation:

a 22x394 b 218 x 74

d 2360 x 21 e 3904 x 541

g 77203 x 409 h 193 x 21067
2 Estimate using a one figure approximation:

a 612+29 b 23054

d 8586 + 299 e 5890+ 28

g 64183 +595 h 38076 =822

<
f
i

58 x 3102
376 x 2308
38 x 451807

3864 + 792
7136 + 19
27830 + 426

3 A mathematics teacher gives one test a week to his class of 31 students. Estimate the number of

tests the teacher will mark in 39 weeks.

& There are 11 biscuits in a pack. Estimate how many biscuits are in a crate containing 138 packs.

5 A city car park has 9 floors, each with 79 spaces. Estimate how many parking spaces there are in

total.
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6 An avocado tree yields an average of 291 avocados in
a season. Estimate the number of avocados that will be
harvested from an orchard of 21 trees.

7 Hong Kong has an area of 1104 km?. An average of
6349 people live in each square kilometre. Estimate the
total population of Hong Kong.

8 559 eggs are divided equally between 43 baskets. Estimate
the number of eggs in each basket.

9 For each of the following calculations:

i estimate the answer using a one figure approximation
il use your estimate to determine whether the computed answer is reasonable.

Calculation Computed answer
a 833 x 6842 5699 386
b 775 x 902 69 950
- 12390 + 21 590
d | 9252250+ 425 2177

E OPEF ATING WITH NUMBERS

There are four basic operations that are carried out with numbers:

Addition + to find a sum
Subtraction — to find a difference
Multiplication x to find a product
Division =+ to find a quotient

In this Section we learn some important words associated with these operations. We also practise the
strategies for these operations learnt earlier in the chapter.

SUMS AND DIFFERENCES
To find the sum of two or more numbers, we add them.
For example, the sum of 3 and 16 is 3 + 16 = 19.
To find the difference between two numbers, we subtract the smaller from the larger.
For example, the difference between 3 and 16 is 16 — 3 = 13.
When we add or subtract zero (0), the number remains unchanged.

For example, 23+0=23, 23—-0=23.
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Find: a the sum of 187, 369, and 13

b the difference between 37 and 82.

Choose the most
appropriate number
strategy.

a 187 + 369 + 13
= 187 4+ 13 4 369
= 200 + 369
= 569

b The difference between 37 and 82
=82—37
=45

EXERCISE 1E.1

1 Find:
a 540 b 4-0 ¢ 1840427
d 37+63+0 e 1124+38—-0 f 61+0-—47
2 Find:
a 82463418 b 634241437 ¢ 1224 341 + 659
d 79+ 321 4418 e 298 + 402 + 398 f 604+ 95+ 296
3 Find:
a 23461+27+39 b 624+ 218 — 324
& Find:

a the sum of 6, 7, and 9
b the difference between 28 and 59
¢ by how much 241 is greater than 158.

5 Find the sum of the first six natural numbers.

6 The Burj Khalifa building in the United Arab Emirates is
828 m tall, whereas Taipei 101 in Taiwan is 509 m tall.
How much taller is Burj Khalifa than Taipei 101?

7 What number must be increased by 137 to get 9127

8 What number must be decreased by 415 to get 288?
In an equestrian event Marcus came first, winning €2300.
Megan came second, winning €1250.

a What was the difference between the prizes?

b Iftheir scores had been equal, they would have shared
the total prize money for first and second. How much
would they have cach received?
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10 Alysia stands on some scales with a 15 kg dumbbell in each hand.
If the scales read 92 kg, what does she weigh?

11 My bank account balance was €1080. I withdrew amounts of
€427 and €173. 1 then banked my pay cheque of €769. What is
my bank balance now?

PRODUCTS

The word product is used to represent the result of a multiplication.
For example, the product of 3 and 5 is 3 X 5= 15.
Multiplying by one (1) does not change the value of a number.
For example, 17 x1=17, 1x17=17.
Multiplying by zero (0) produces zero.

For example, 17 x0=0.

) el Tutor|

Find the products:
a 7Tx8 b 7x80 ¢ 70 x 800
a 7x8 b 7 x 80 < 70 x 800
=56 =T7x8x10 =7 %10 x 8 x 100
=56 x 10 = 56 x 1000
= 560 = 56000

4 st Tutor

Simplify these products:
a 15 x11 b 17x8x125
a 15 x 11 b 17 x 8 x 125
=15x10+15x1 =17 x 1000
=150+ 15 = 17000 When we multiply we
=165 can change the order to
simplify the process.

EXERCISE 1E.2
1 Find the product:

a 5x9 b 8x3 ¢ 6x1

e 11x0 f 3x14 g 0 x 157

i 4x11 i 11x4 k 9x6

m 2x5x7 n 5x7x2 0 7Tx2x5H p 3x3x4
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2 Find the product:

a 4x7 b 40x7 ¢ 40x70 In each question select
d 8x5 e 80x5 f 80 x 500 the most appropriate
g 6x14 h 6 x 1400 i 60 x 14000 number strategy.
3 Simplify:
a 11x35 b 17x9 ¢ 13 x101
d 99 x 21 e 12x 32 f 5x097
4 Evaluate:
a 25x3x4 b 50x7x2
¢ 11 x5x%x20 d 8x14x%x125
e 40x25x%x8 f 200 x 37 x 50
g 40 x 8x 125 x 25 h 5x80x20x125

Example 10 ) Self Tutor

Simplify the product: 87 x 15

Estimate the answer
first, so you can check
whether the result you
obtain is reasonable.

87
x 15

435 {multiplying 87 by 5}
870 {multiplying 87 by 10}
1305 {adding}

87 x 15 = 1305
5 Simplify:
a 37x15 b 120x 7 € 24 x45 d 209 x 13
e 67x84 f 405 x 32 g 612x18 h 193 x 47
6 Find the product of:
a 23 and 19 b 6,8 and 9 ¢ 5,4,3,2,and 1.

7 My mum gave me twelve $5 notes for my birthday. How much did she give me in total?
8 Start with the number 27. Add on 4, 16 times. What is the result?

9 A concert hall has 39 rows of seats. There are 35 seats in
each row. How many people can be seated in the concert
hall?

10 Adrian sold 14 crates of oranges. The oranges in each
crate weighed 22 kg. If Adrian received $3 per kg of
oranges, how much did he receive in total?

11 A squad of 18 rugby players attend a training camp. Each
player takes 4 pairs of socks with them. How many socks
in total are taken to the camp?
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QUOTIENTS

The word quotient is used to represent the result of a division.
The number being divided is called the dividend and the number we are dividing by is called the

divisor.

For example, 15 = 3 = 3

! f t

dividend divisor quotient

We say “The quotient of 15 and 3 is 5.”

Neither the Greeks nor the Romans
had a symbol to represent nothing,
but other ancient peoples such as
the Babylonians did. The symbol
0 was called zephirum in Arabic.

Our word zero comes from this.

Dividing by one (1) does not change the value of a number.
For example, 38+ 1= 38.

Division by zero (0) is meaningless. We say it is undefined.

For example, 0+4=0 but 40 is undefined.

EXERCISE 1E.3
1 Find the quotient:

a 21+7 b 45+5 c 36+4

d 291 e 05 f 88+8

g 0+1 h 567 i 0+93

j 13212 k 7=0 I 968

2 Find the quotient:

a 9+3 b 90+3 ¢ 9000+ 30

d 48+6 e 480+60 f 48006

g 7238 h 7200 -+ 800 i 720000 = 80

m
Find the quotients:
a 180=15 b 4168
a 180 + 15 b 416 =8
— 605 {dividing each number by 3} = (400 =+ 8) + (16 =+ 8)
=12 =50+ 2
=52
3 Perform the following divisions:

a 300+ 12 b 140+4 c 210+14

d 3608 e 84+6 f 45018

g 126 =6 h 515+5 i 189-+3

j 1647 k 3246 1 196 +4
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Simplify: 456 = 19

2 4
19 1 4 5 6 {19 goes into 45 twice}
8

3 1 {19 x 2 = 38}
7 6 {45 - 38 =7, bring 6 down}
7 6 {19 goes into 76 four times}
0 {76 — 76 = 0}
c. 456 +19=24
4 Find:
a 917 b 644 - 28 ¢ 36413
d 30617 e 665+35 f 1202+ 34

5 How many 38 seat buses are needed to transport 646 students to the athletics stadium?

6 A truck is transporting 35 chairs to a school. The total mass of the chairs is 770 kg. Find the mass
of each chair.

7 Dana sells coal in 15 kg bags. If she has 480 kg of coal, how many bags will she need to sell?

8 Lincoln wants to buy a new mobile phone which costs $189. It will take him exactly 21 weeks to
save this amount. How much money is Lincoln able to save each week?

BT iNoEx NoTaTION

A convenient way to write a product of identical numbers is to use index notation.

For example, instead of writing 7 X 7 x 7 x 7, we can write 74,

The 7 is called the base number.

. ] 4 <——— index or power or exponent
The 4 is called the index or power or

exponent. It is the number of times the

X <————— base number
base number appears in the product.

The following table demonstrates correct language when talking about index notation:

Natural number Product form Index form Spoken form

3 3 3! three

9 3x3 32 three squared
27 3x3x3 33 three cubed

81 3x3x3x%x3 34 three to the fourth

243 3x3x3x3x3 35 three to the fifth
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Write in index form:

2%x2x2x2%x3%x3x%x3

0 Self Tutor|

IX2X2%x2%x3%x3%x3
—_—_——— e —
= s X 33
= 2% x 33

Write as a natural number:

2 x32x%x5

28 % 32x5

=2x2x2%x3%x3%x5H
=8x9x5

=40 x 9

= 360

The power key of your calculator may look like ) , Or E] . Tt can be used to enter numbers
in index form into the calculator.

Example 15

Use your calculator to convert 23 x 3% x 11° into natural number form.

Keyin 2 [~] 3 [x] 3] 4 [x] 11 [x] 2 [E]. Answer: 78408

EXERCISE 1F

1 Match the following numbers in index form with the correct product:

[- TN

54
75
57
71
73

2 Write in index form:
2x3x%x3
2x5xb5xb
2xX2%x2x5xT7
3x3x3x3x5%5H

3  Write as a natural number:

23

d 22x5x7

A

m O Nn @

b
e

ExBExXxHXxHXxHXHXDb

TxTxT
TXTXTXTXT
5xb5bxbHXx5H
7
b 2x2x3x5
d 3x3x5xHx5d
f 3x3x3xTx7
h 7x7x7x7x7x11x11x11
2 x 32 ¢ 22 x3?
32 x7?x11 f 22x3x7

&4 Use your calculator to convert each product into natural number form:
a 2% x3°
d 23 x3*x5°x11

b
e

22 x 54 x 77 ¢ 25 x33x11?
34 x 72 x 118 f 23 x 5% x 13°
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5 Write in index form with 2 as a base:

a 2 b 4 c 16 d 64
6 Write in index form with 3 as a base:

a 3 b 27 c 81 d 729
7 Write in index form with 10 as a base:

a 100 b 1000 ¢ 100000 d 1000000
8 Write in index form with a single digit base:

a 25 b 36 ¢ 125 d 343
ACTIVITY3 INDEX CROSSWORD
Click on the icon to obtain a printable version of this crossword.

CROSSWORD

UARES AND CUBES

If a number can be represented by a square arrangement of dots, it is called a square number or
perfect square.

For example, 9 is a square number as it can be represented by the o @reee
3 x 3 square shown.
® [} [}
We say ‘three squared is equal to nine’ and we write 32 = 9.
[ SRR R CEEE .
The following table shows the first four square numbers:
Square | Geometric | Symbolic | Product
Value
number ﬁ)rm ﬁ)rm ﬁ)rm
1st . 12 1x1 1
9o
2nd et 22 2x2 4
groe
3rd ¢ o ¢ 32 3x3 9
b0
0::0-- 0.9
¢ 0 0 3
4th bow g 42 4x4 16
PPN ¢
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The diagram alongside shows a cube made up of smaller blocks.

There are 4 layers of blocks. =

Each layer is 4 blocks wide and 4 blocks deep.

So, in total there are 4 x 4 x 4 =4 blocks.

This is why a number to the power 3 is called a cubic number.

The following table shows the first four cubic numbers:

Cubic Geometric Symbolic Product Value
number Jorm Jform Sform
Lst 7 3 Ix1x1 1
=
2nd 23 2x2x%2 8
3rd 32 3x3x3 27
4th 43 4x4x4 64

EXERCISE 1G

1 For each of the 5th and 6th square numbers: Try to memorise the first
a draw a diagram b state its value. 20 square numbers.
2 a Without using a calculator, find the 7th, 8th, 9th, and
10th square numbers,

b Use your calculator to find the 15th, 25th, and 40th
square numbers.

3  a Write down two numbers between 20 and 50 that are both odd and square.

Write down two numbers between 50 and 120 that are both even and square.

4 a Use a calculator to complete the following: 12=
1% =

1117 =

11117 =
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b Have you noticed a pattern? Complete the following without using your calculator:

i 111112 = il 1111112 =
¢ Investigate other such patterns with square numbers. If you find any, share them with your
class!
5 a Copy and complete the following pattern: 1=1=12
1+3=4=22
1+3+5=9=32
1+3+5+7=

1+3+54+7+9=
b Use the pattern to find the sum of the first:
i 6 odd numbers il 10 odd numbers.

6 By considering the number of blocks in this cube, find the
value of the 5th cubic number,

7 Use your calculator to find the 6th, 7th, 10th, and 13th cubic numbers.
8 How many cubic numbers are less than 10 000?

9 Find two consecutive numbers such that one number is a perfect square and the other is a cubic
number.

10 a Copy and complete the following pattern:

1¥=1 =1 =12
Py2=148 =9 =(142)?
13423 +3% = = =

19 4+2% 438 4 43 = = =
b Predict the value of:
i 134+2%43% 4435 i 1342343354 . 4108
Check your answers using a calculator

H RDER OF OPERATIONS

When two or more different operations are carried out, the answer could vary depending on the order
in which the operations are performed.

For example, consider the expression 16 — 10 + 2.

llsa subtracted first then divided: Lily divided first then subtracted:
16 —10 2 16 -10+2
=6+2 =16-5
=3 =11

Which answer is correct, 3 or 117
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To avoid this problem, a set of rules for the order of operations has been agreed upon by all
mathematicians.

THE RULE OF BEDMAS

e Perform operations within Brackets first.

e Then, calculate any part involving Exponents.

e Then, starting from the left, perform all Divisions and Multiplications as you come to them.
e Finally, working from the left, perform all Additions and Subtractions.

We note that:

e The rule of BEDMAS does not mean that division should be performed before multiplication, or
that addition should be performed before subtraction.

» If an expression contains only X and -+ operations, we work from left to right.
» If an expression contains only -+ and — operations, we work from left to right.

e If an expression contains more than one set of brackets, we evaluate the innermost brackets first.

Using these rules, Lily’s method is correct, and 16 —-10+2=1L

Example 16 e
Evaluate: 35—-10+-2x54+3

35 -10+2%x5+3 {division and multiplication working from left}

=35—-56x56+3

=35—-25+3 {subtraction and addition working from left}
=10+3

=13

m If you do not follow the

order rules, you are likely

Evaluate: 2x (3x6—4)+7 i —

2x (3x6—4)+7 {inside brackets, multiply} \ N
=2x(18—4)+7 {complete brackets} ( |
=2x 1447 {multiplication next} \
=28+7 {addition last}
=35

EXERCISE 1H

1 Evaluate:
a 3+7-5 b 64+9+3 ¢ 8—3+2
d 4x3-11 e 6+2x%x3 f 5x8=+2
g 12+-442x5 h 13—-2x6+4 i 3x5+4+4x%x6
j 5+6x3+9 k 18-5x2+7 | 5x4—-24+6
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2 Evaluate, remembering to complete the brackets first:

a (5+4)+3
d 24+3+7) =5
g (6-3)x11-12
3 Evaluate:
a (12+43)+5+2x4
€ 23—-(6+2+7)+4
e 7—-(4x3-8)+18+3

b 3x(4-2)
e 9+6x(8-5)
h 16+ (17— 11)

b (13—

€ (447)x8
f 18— (7+4)
i (3+8) x(6-2)

5)+-(1+3)+2

d (5x2-6)x(3—6=+2)
f 314)x5+6x7—8

Example 18

L sei o

Evaluate: 5+ [13 — (8 = 4)]
5+[13 — (8 +4)] {innermost brackets first}
=5+ (13 — 2] {remaining bracket next}
=5+11 {addition last}
=16
4 Evaluate:

a [(3+5)x8 —4
[(15—12)+3] +3

b 3+[(5x8)—4]
e 15-[(12+3) +3|

Evaluate the
innermost
brackets first.

¢ 3+[5x(8—4)
f 15— [12+ (3+3)]

Example 19 m
Evaluate: 3 x (6 — 2)2 3x (6—2)*  {brackets first}
=3 x 42 {exponent next}
=3x16 {multiplication last}
=48
5 Evaluate:
a 2x52 b 43422 ¢ 18— (9 +3)2
d 18-9+32 e (18—9)+32 f (18-9+3)2
g (7—2)2 42 h 3x(4*2-9) -2 i 16 —23 432
6 Replace each * with either +, —, X, or + to make each statement true:
a 5x9+3=8 b 7x11-21 =56 € 18-16x2=10
d 1732 =38 e 13x4x2=5 f 4%x13-6x7=10

7 Insert brackets to make each statement true:

a 3x44+2x5=90
d 6+7x2+5=4

b 3x4—-5x4=28
e 44+4+242=5

€ 4x16—-1—6=054
f 3+11-5+3=3
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ACTIVITY4

Click on the icon to run the BEDMAS Challenge.

How fast can you go?

KEY WORDS USED IN THIS CHAPTER

approximation
difference

estimate
Hindu-Arabic system
numeral

power

round down

square number

1 Write 9602 in word form.

BEDMAS
dividend
expanded form
index

perfect square
product

round up

sum

9 What number is represented by the digit 7 in 17 260?

3 Simplify:
a 15x0

b 11-0

& What is the difference between 792 and 2895?

a 10

9 ®© N O

47 students?

10 Find the value of:

12
13
14

a 3+16=+22

does she have left?

Round off 49552 to the nearest:

b 100

By how much is 838 greater than 5627

Use a one figure approximation to estimate 4067 X 905.

b 5x4+18+3

Use your calculator to find the 17th cubic number.
How many square numbers are there between 40 and 110?

Insert brackets to make each statement true:
a 2+12+-4-2=28

cubic number
divisor

exponent

natural number
place value
quotient
significant figures
whole number

¢ 12+0

¢ 1000.

€ 3x25+3x(7-2)

Use the digits 1,5, 9, 6, 0, and 2 exactly once each to make the largest number you can.

b 30:-5+1+4=9

Answer the questions in the Opening Problem on page 12.

L AT T b

BEDMAS CHALLENGE

How many buses would be required to transport 517 students if each bus holds a maximum of

A woman has $350 in her purse. She gives $22 to each of her five children. How much money
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REVIEW SET 1B T

1 Write the numeral 40701 in words.
2 Write 30502 in expanded form.
3 Use an appropriate strategy to find:

a 97+ 56 b 19426+ 41 ¢ 9616
d 77-39 e 6 x 90000 f 367
& Simplify:
a 5x14x2 b 20x17x5 ¢ 8x9x125

If a pie cart vendor sells 11 dozen pies at $3 each, how much money does he make?

6 Round off to 2 significant figures:

a 573 b 37193 ¢ 4239 d 119603
7 Find:
a 27 b 5° ¢ 3t xT?

8 There are 29 students in a class. Each student has an average of 11 books. Estimate the total
number of books.

9 My bank account contains €227, and my fortnightly pay of €540 is added directly into my bank
account. If there are no withdrawals, what is my bank balance after 12 weeks?

10 Insert brackets to make a true statement: 44 — 8 +44+2=6

11 Simplify:

a 32x13 b 527 x 24 € 459 + 17 d 1081 =23
12 Find the sum of the 8th square number and the 7th cubic number.
13 Simplify:

a 22x(7-3)+5x8 b (13-2x5)?

14 a Use the digits 2, 9, 8, and 5 exactly once each to make the largest and smallest numbers
you can.

b Find the difference between your answers in a.

15 A student receives 12 assignments during a term. On
average he spends 98 minutes on each one.

a Estimate, using a one figure approximation, the
total amount of time (in minutes) that the student
spends on assignments over the term.

b Use a suitable multiplication strategy to find the
exact amount of time spent on assignments.

¢ Find the difference between your estimate and the
actual value.

d The teacher spends a total of 292 minutes marking
these 12 assignments. Estimate, using a one figure
approximation, the average time spent marking
each assignment.
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OPENING PROBLEM

This diagram shows three lines. We can see points of
intersection where line 1 meets the other lines. line 1 line 2

Things to think about:
a How can we describe the point where:

i line 1 meets line 2
ii line 1 meets line 3?

b Lines 2 and 3 do not meet in this diagram.
I If we were to extend the lines, do you think they
would eventually meet?
li By measuring angles in the diagram, can we test whether the lines will eventually meet?

If we look carefully, we can see angles in many objects and situations.
We see them in the framework of buildings, the pitches of roof
structures, the steepness of ramps, and the positions of boats from
a harbour and aeroplanes from an airport.

The measurement of angles dates back more than 2500 years and
is still very important today in architecture, building, surveying,
engineering, navigation, space research, and many other industries.

RESEARCH REAREN s DEGREE MEASURE

The Babylonian Empire was founded in the 18th century BC by Hammurabi in lower Mesopotamia,
which is today in southern Iraq. It lasted over a thousand years, finally being absorbed into the
Persian Empire of Darius in the 6th century BC.

1 The Babylonians invented the astrolabe.
Find out what an astrolabe measures.

2 How many degrees did the Babylonians decide should be
in one full turn? Why did they choose this number?

ENEEETT pOINTS AND LINES

POINTS

We use a point to mark a location or position.
Examples of points are:
e the comer of your desk o the tip of your compass needle.

Points do not have size. We say they are infinitely small. In geometry, however, a point is represented
by a small dot so we can see it. To help identify the point, we label it with a capital letter.
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For example: B The letters A, B, and C identify the points.

The letters allow us to make statements like:
“the distance from A to B is ....” or

2

c “the angle at B measures ....”.
Al

STRAIGHT LINES

A straight line, usually just called a line, is a continuous infinite collection of points which lie in a
particular direction. A line has no beginning or end.

B (AB) is the line which passes through points A and B. We can

M// call it “line AB” or “line BA”. There is only one straight
line which passes through both A and B.

[AB] is the line segment which joins points A and B. We call it

“line segment AB” or “line segment BA”. It is only part of
the line (AB). The length of line segment [AB] is written AB.

Beme = B

B [AB) is the ray which starts at A, passes through B, then
A ____________._._-—-0-—-—-—'_"' ] 0 . .
o continues on forever in that direction.

If three or more points lie on a single straight line, we say that the points are collinear.

For example, in the diagram the points A, B, C, and D are =
collinear.

If three or more /ines meet or intersect at the same point, we \/
say that the lines are concurrent. .
B
For example, the lines shown are concurrent at point B. /\

PARALLEL AND INTERSECTING LINES

In mathematics, a plane is a flat surface like a table parallel
top or a sheet of paper. It goes on indefinitely in all
directions, so it has no boundaries.

~__point of

Two straight lines in the same plane may either be mtersection

parallel or intersecting.

Parallel lines are lines which are always a fixed
distance apart and never meet. We use arrowheads

at the ends of lines
to show they
continue forever.

We use arrowheads in
the middle of lines to
show parallel lines.
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DISCUSS_IOE:_T’-

1 Give fwo examples in the classroom of:
a apoint b a line segment ¢ a flat surface

d an angle e parallel lines.

2 How many different lines can you draw through:
a two distinct points A and B b all three distinct collinear points A, B, and C
€ one point A d all three distinct non-collinear points A, B, and C?

EXERCISE 2A

1 Describe, with a sketch, the meaning of:
a a line segment b aray ¢ a point of intersection

d parallel lines e collinear points f concurrent lines.

2 Give all ways of naming the following lines:
a b

Y
hy e = SC SR I X Z

3 PQR is a triangle. Q
a Name the three sides of the triangle.
b Which sides intersect at point P?

& Name the point of intersection between:
a line 2 and line 3

line 1 and line 3

(AB) and [DE]

[AC] and [DF].

Qa n O

5 Draw a diagram for each statement:
a X is a point on [PQ]. b [EF) and (GH) meet at point M.
¢ S, T, U, and V are collinear. d (JK) and (MN) are parallel.
e [AB], (CD), and (EF) are concurrent at G,
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6 a Name the line (AB) in three other ways.
b How many lines go through point D?
¢ What can be said about:

i lines (EF) and (AD)
ii points A, D, and F
jii lines (CD) and (EG)?

Whenever two lines or edges meet, an angle is formed between
them. In mathematics, an angle is made up of two arms which
meet at a point called the vertex.

The size or measure of the angle is the amount of turning or
rotation from one arm to the othet.

THE PROTRACTOR

Alongside is a protractor placed with its
centre at B and its base line on [AB]. The
amount of turning from [AB] to [BC] is
110 degrees.

We write ABC = 110° which reads “the
angle ABC measures 110 degrees”.

ABC is called three point notation. We S g

o
E =
use it to make it clear which angle we are = ol

vertex

NN N B0 o 1004

\ 0 90 ! :
SR 1 W00 8o 4 12

W) (/)
\ AN o] 7.
& \‘15_3 A ] b i
.;"? oA pa i

SN £ AN o

referring to. A

centre

2 @
AB
\
-
=]

ggr ois ©

=]

base line

For example, if we want to talk about the angle shaded green

than 180°.

The green angle is ADB or BDA.

The blue angle is BDC or CDB.

in this figure, we cannot just say the angle at D. This could
refer to many angles, including the blue one and the red one.

ADC is made up of the green angle and the blue angle.

The red angle is called the reflex ADC, since its size is more
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CLASSIFYING ANGLES
Angles are classified according to their size.
Revolution Straight Angle Right Angle
One complete turn. % turn % turn
One revolution = 360°, 1 straight angle = 180°. 1 right angle = 90°.
Acute Angle Obtuse Angle Reflex Angle
Less than a 1 turn. Between ; turn and 1 tumn. Between 2 turn and 1 turn,
An acute angle has size An obtuse angle has size A reflex angle has size
between 0° and 90°. between 90° and 180°. between 180° and 360°.

EXERCISE 2B

1 Match the names to the correct angles:

a ABC b CAB ¢ BCA d CBD

A B C D
c ¢ i
B
B B
A<< > < >c
B D C A

2 Draw and label each of the following angles:

a PQR b RQP ¢ reflex EFG d CAB
3 a Find the sizes of these angles without using U
your protractor:;
i STU i WTU
i XTV iv STW
b Classify each angle in a as acute, right, or
obtuse.

4 Use your ruler and protractor to draw angles with the following sizes:
a 38° b 89° ¢ 120°
Ask a friend to check the accuracy of your angles.
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5 Consider the figure alongside.
a Find the angles corresponding to:

i BAD ii DBC ii ADB
b Classify the following angles as acute, obtuse, or
reflex:
i f ii a ifi A

6 Draw a free-hand sketch of:

a obtuse XYZ b revolution B ¢ reflex YSP
d right CZR e acute JKL f straight EFG.
7 Use a protractor to measure the named angles:
a | BAD b | CBD
ii CBA X i DXE
il XAB il ADC C

C

8 Kit hits the billiard ball so that it follows the path
shown. What acute angle will it make with the

edge of the table?

9 An awning is extended out the front of a café as shown.
Measure the angle between the top of the awning and the
suppott post.
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10 For each figure, find the total number of:

i right angles il acute angles.

i
N

Click on the icon to obtain instructions for this Activity. INSTRUCTIONS

It explains how to make a protractor of your own, and provides activities
for you to do in class.

0 ANGLE PROPERTIES

These angles are angles at a point.

There are 360° in
one complete turn.

Q‘? Angles at a point add to 360°.

These angles are angles on a line.

Angles on a line add to 180°.

ﬂ

Angles which add to 180° are called
supplementary angles.

These angles are angles in a right angle. [ A small box is used to]

indicate a right angle.

Angles in a right angle add to 90°.

i’

Angles which add to 90° are called
complementary angles.

Lines or line segments which meet at 90°
are said to be perpendicular.
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For example:

(0]
M U
§2°¢
N 38° P S 79°1101° v
T
MNO and MNP are complementary STU and UTV are supplementary
because 52° 4 38° = 90°. because 79° + 101° = 180°.

[ON] and [NP] meet in a right angle,
so they are perpendicular.

Two angles are equal if they have the same size or degree measure.

DISCUSSION

For any angle ABC, what is the relationship between the sizes of ABC and reflex ABC?

=) Self Tutor |

a Are angles with sizes 37° and 53° complementary?
What angle size is supplementary to 48°?

a 37°+53°=090° So, the angles are complementary.
b The angle size supplementary to 48° is 180° — 48° = 132°.

EXERCISE 2C

1 Add the following pairs of angles and state whether they are complementary, supplementary, or

neither:
a 109°, 71° b 67°, 117° ¢ 62°, 28°
d 155°, 31° e 25°, 55° f 64°, 116°
2 Find the size of the angle complementary to:
a 15° b 87° c 43°
3 Find the size of the angle supplementary to:
a 129° b 57° ¢ 90°
& Classify the following angle pairs as complementary, D
supplementary, or neither:
a COA and COE b AOD and EOC ¢ E
¢ BOC and COD d COE and DOB B
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5 Copy and complete:
a the size of the angle complementary to z° is ......
b the size of the angle supplementary to y° is ......

Find the value of the unknown;

o) Self Tutor

. =230

a b ;
xO
58°
a The angles 58° and z° b The three angles are ¢ We have five angles at a
are complementary. supplementary, so they point, so the sum of the
=90 —58 add to 180°. five angles is 360°.
z =39 S r=180—-72-78 So, the three equal angles

add to
360° — 90° — 120° = 150°
a=150=3 =50

6 Find the value of the unknown;

a b
55°
po
d e
54° b°
41°
g h

q
S —
qO
qO
1)
adl

47»
39¢
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7 TFind the sizes of the unknown angles:
a b

8 TFind the values of the unknowns:
a b <

30°,

sO
209° 0
101° 2 i
146°

We have already seen how lines drawn in a plane are either parallel or intersecting.

pointof
intersection

parallel intersecting

When we are dealing with several lines in a plane, we can identify a number of angle pairs.
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VERTICALLY OPPOSITE ANGLES

Vertically opposite angles are formed when two straight lines intersect.
The two angles are directly opposite each other through the vertex,

For example: A

AOC and DOB are vertically opposite.
AOD and COB are vertically opposite.

B
Measure the pairs of vertically opposite angles carefully. You should find that:

When two straight lines intersect, vertically opposite angles are equal in size,

Proof:

a+b=180 {angles on a line} GPEA%AIA(EEEY
and c+b=180 {angles on a line}
L B=¢

CORRESPONDING, ALTERNATE, AND CO-INTERIOR ANGLES

A third line that crosses two other straight lines is called a
transversal,

When two or more straight lines are cut by a transversal, three
different angle pairs are formed: *
\ transversal

A

Corresponding angle pairs

[

Alternate angle pairs Co-interior angle pairs

PY [ ]
X % X

/

The angles marked e and x are
corresponding angles because
they are both in the same
position. They are on the same
side of the transversal and the
same side of the two straight
lines.

\

The angles marked e and x are
alternate angles. They are on
opposite sides of the transversal
and berween the two straight
lines.

\

The angles marked e and x
are co-interior angles. They
are on the same side of the
transversal and between the two
straight lines.

Co-interior angles can also be
called allied angles.

|



ANGLES AND LINES (Chapter2) 47

| Example 3 | ) Self Tutor

Describe the following angle pairs:
elc a aandd b aandb
b/d ¢ dande d aandc
[ a
a aq and d are co-interior angles. b a and b are alternate angles.
¢ d and e are vertically opposite angles. d a and c are corresponding angles.
EXERCISE 2D
1 In each diagram, list the pairs of vertically opposite angles:
a b

A B C D

3 Which angle is alternate to angle ¢?

a <
q
q
d C d C
a b aj p
& In which diagrams are m and n corresponding angles?
A B C D
T n n
n
m
m

T
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5 Which angle is corresponding to angle £?

6 In which diagrams are ¢ and d co-interior angles?
A B C D
[
C d d c d
d
C \
7 Which angle is co-interior with angle f?

a b € d
w(E \ Z
zl Y wl® \ “;y
zy
f
fi f w\
] z\il;-'

8 Classify the following angle pairs as either
corresponding, alternate, co-interior, or vertically

opposite: b o
a d q T
a aandp b randw ¢ rand z /s Ty
d zands e bandgq f aandc
g zand 2z h wands i candp

E =

If the two lines cut by a transversal are parallel, then corresponding, alternate, and co-interior angle pairs
have special properties. We will discover these properties in the following Investigation.

INVESTIGATION ~ ANGLE PAIRS ON PARALLEL LINES

What to do: WORKSHEET '

1 Print this worksheet so that you can write directly onto it.
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2 In each diagram, measure the angles marked and answer the related questions in the table below:

a b
line 1
line 1 a
¢/d
line 2 e/ f
< d
line 2
. e line 1
line 1 c\d
eAd
line 2
e

Supplementary angles
add to 180°.

Are the Are the .
. | Are the co-interior angles
. Are lines 1 corresponding alternate
Diagram d and f equal?
and 2 parallel? | angles a and e | angles c and f A lementary?
equal? equal? C ey Supp e arys
equal supplementary
a
b
c
d
e
3 What can you conclude from your results? G;&T(iEREY

& Click on the icon to further investigate angle pairs on parallel lines, and hence
confirm your conclusions.



50  ANGLES AND LINES (Chapter 2)

From the Investigation you should have discovered the following important facts:

When parallel lines are cut by a transversal:

e corresponding angles are equal in size 5
e alternate angles are equal in size f

® co-interior angles are supplementary, which means they add up to 180°. i 4

Using these geometrical facts, we can find unknown values for angles on parallel lines.

Find the value of the unknown, giving a brief reason for your answer:

a b
\ / > The special properties only
140° apply if the lines cut by the
1210\ ‘go\ / transversal are parallel.
7 ) \ o
a Corresponding angles on b Co-interior angles on parallel
parallel lines are equal. lines are supplementary.
s =121 s s =180 — 140
s =40
—L
TESTS FOR PARALLELISM
Suppose two lines are cut by a transversal. GP?A%AIA(iZEY

e If pairs of corresponding angles are equal in size then the lines are parallel.
e If pairs of alternate angles are equal in size then the lines are parallel.

e If pairs of co-interior angles are supplementary then the lines are parallel.

Decide if the figure contains parallel lines, giving a brief reason for your answer:

: / ° /
509 100°
50° 60°
a These alternate angles are equal, so b These co-interior angles add to 160°,
the lines are parallel. so they are not supplementary.
the lines are not parallel.
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EXERCISE 2E

1 Find, giving brief reasons, the values of the unknowns:
b

a \ <
124 = 7
mo L b \ 420
d e f
135°
o 10
57 62 °
g h i
1470 1070 do
152
2 y°

2 Find the values of the unknowns in alphabetical order, giving brief reasons:

a b c
76° b° 38°
CLO G,O
uo
bQ
117°
bD
bD
a’ 36°
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3 Write a statement connecting the unknowns, giving a brief reason:
a b < d
bo
T a°
z° I
y° 1
o i
()
CO
4 The following figures are not drawn to scale.
Decide if each figure contains a pair of parallel lines, giving brief reasons for your answers.
a o b <
55 105
105°
115°
105°

f 1252/

d e
104°
\127° /
76°
127° sij/’

5 The following figures are not drawn to scale. Find the value of a, giving reasons for your answer.
{

|

a \

6 This figure is not drawn to scale
Find the value of a.
95°
70°
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7 Working in alphabetical order, find the values of
the unknowns. 40°
Give a reason for each answer.
]
4
PUZZLE
1 When a transversal intersects two parallel PRINTABLE

lines, ...... angles are on the same side of
the transversal and on the same side of
the parallel lines.

2 Points that lie in a straight line are ......

e

3 Angles between parallel lines on the same

side of a transversal are ...... angles. ®r l l || [ 1 ]
& A line which intersects two parallel lines e T 1111 1]
iSa ...

5 An angle which measures between 90°

and 180° is ...... ® [T 1 1]
6 Lines which intersect at right angles
A R o [ [ [] [T 1117
7 Two angles on a straight line are ...... ol T 1111 | | HER
angles. |

| F | ' GEOMETRIC CONSTRUCTION

In geometric constructions we use a ruler and compass to accurately draw diagrams. When you perform
geometric constructions, do not erase the construction lines.

In previous courses you should have learnt how to construct
angle bisectors.

If necessary click on the icon to review this construction. angle bisector

DEMO
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CONSTRUCTING A 90° ANGLE TO A LINE

A right angle or 90° angle can be constructed without a protractor or set square. This allows us to
construct a line which is perpendicular to another line.

Example 6 < seif Tutor|

Construct an angle of 90° at P on the line
segment [XY]. X 3 Y
Step 1:  On the line segment [XY], draw a
semi-circle with centre P and
convenient radius which cuts [XY] % v
at M and N. M P N
Step 2:  With centre M and radius MN, draw \
an arc above P.
L M E N ¥
Step 3:  With centre N and radius MN, draw ><-
an arc to cut the first one at W.
v~ Y
Step 4: Draw the line from P through W. KW
WPY and WPX are both 90°.
™ 5 N Y

In some cases the point P may be close to one end of the line
segment, or indeed be the end of the line segment. In these
cases you may need to extend the line segment.

b 74
AN

For example, in the construction alongside, Y and P are the
same point. We say they coincide. We can still construct a
right angle at P, but we need to extend the line segment first.
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CONSTRUCTING A PERPENDICULAR BISECTOR

The red line in this figure is at right angles to [AB] so it is

perpendicular to [AB].
A . eB It passes through M which is midway between A and B, so it
) M ) bisects [AB].
We therefore say the red line is the perpendicular bisector

of [AB].

We can use a ruler and compass to construct the perpendicular bisector of a line segment.

) elf Tutor

Draw a line segment [AB] with length 4 cm. Construct the perpendicular bisector of [AB].
Step I: Draw the line segment [AB] with length 4 cm.
Step 2:  With centre A and radius AB, draw an arc of
a circle as shown.
& 4dcm B
Step 3: Repeat Step 2 but with centre B. Make sure C
that the first arc is crossed twice, at C and D.
A B
D
Step 4:  With pencil and ruler, join C and D.
(CD) and [AB] are perpendicular, and meet y
at M, the midpoint of [AB]. @
A M B
D
(CD) is the perpendicular bisector of [AB]. Y,
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EXERCISE 2F

1

b
<

a

- 0 0 n

Use your protractor to accurately draw ABC of size 70°.

Use a compass and ruler only to bisect ABC.
Use a protractor to check the accuracy of your construction.

Accurately draw the line segment [AB] with
the dimensions shown. Mark on it the points
A, B, and C.

Use a compass and ruler to construct a right
angle at C below the line segment [AB].

4cm : 6 cm

Draw a line segment [XY] of length 12 cm.

Use a compass and ruler to construct a 90° angle
at X. Q

Draw [XZ] of length 6 cm, and join [ZY] as shown.
Measure [ZY] to the nearest mm.

6 cm

Bisect ZXY using a compass and ruler only. A
Measure: X 12 cm ¥
i the length of [QY] ii the size of X(SY.

Draw a line segment [AB] of length 4 cm.

Do not erase any

Use a compass and ruler to construct a 90° angle at A. construction lines.

Locate the point C so that CAB = 90° and the length
of [AC] is 3 ¢m.

Join [BC] and measure its length.

Use a protractor to measure CBA.

Draw a line segment [PQ] of length 5 cm.
Use a compass and ruler to construct the perpendicular bisector of [PQ].

Let the perpendicular bisector of [PQ] meet [PQ] at Y. Check your perpendicular bisector by
measuring the lengths of [PY] and [QY].

Draw any triangle, and construct the perpendicular bisectors of its three sides.

Repeat a with a different triangle.

Hence, copy and complete: “The three perpendicular bisectors of the sides of a triangle are
Draw a line segment [AB] of length 2 cm.

Construct the perpendicular bisector of [AB],
meeting [AB] at M.,

A
// B
Locate P on the perpendicular bisector such that { \
MP = 3 cm. - // -

M P
Measure the lengths of [AP] and [BP]. What do /\ L/\
you notice? S

Measure APM and BPM with a protractor. What
do you notice?
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57

In previous years we learnt how to bisect an angle using a

compass and pencil.

In the diagram, angle CAB is bisected into two equal angles.

It has been proven that an angle cannot be trisected using a
compass and pencil only. In other words, we cannot perform
a geometric construction to divide angle CAB into three equal

angles.

TRISECTING AN ANGLE
C

B

However, Japanese mathematician Hisashi Abe showed how to trisect an angle using origami or
paper-folding.

What to do:

Start with a square piece of paper 20 cm by 20 cm. Label the
base [AB], and choose any point C on the top. We will trisect

angle CAB.
Draw [AC].

Fold the page parallel to [AB] at some point P about
half-way down the page.

Fold the page parallel to [AB] at the point Q which is
half-way between A and P.

Now fold the paper one more time so that P is placed
onto the line [AC] and A is placed onto the fold
through Q you made in 4.

Mark on the page the positions of Q' and A’.

Unfold the paper, and draw [AQ’] and [AA’]. Angle
CAB is trisected by [AQ’] and [AA'].

Check your result using a protractor.

KEY WORDS USED IN THIS CHAPTER

acute angle e alternate angles
co-interior angles e collinear

concurrent e corresponding angles
line e line segment

parallel lines e perpendicular

point e protractor

reflex angle e revolution

straight angle e supplementary angles
transversal e vertex

PRINTABLE VIDEO
PAPER DEMO
C
ol o
A B

angle

complementary angles
intersecting lines
obtuse angle
perpendicular bisector
ray

right angle

three point notation
vertically opposite
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REVIEW SET 2A

1 Find:
a the angle complementary to 53° b the angle supplementary to 130°.

2 Name the angle:

a corresponding to b
— a/p
b alternate to e
€ co-interior to a
d/° d vertically opposite f.
9/

C
bﬁ
69PN 144° kc 17

% How many points are needed to determine the position of a line?

5 Draw a diagram to illustrate the following statement:
“Line segments [AB] and [CD] intersect at P.”

6 Find, giving a reason, the value of x:

a b c
1182
61°
z° z°

7 Find, giving a reason, the value of m:
b <

39(!.

81°
m

a / / b L —
f ! ao

Jf _.'{ I.l'_l b° “‘1
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9 State whether each figure contains a pair of parallel lines. Give reasons for your answers.

a b 306°
126°
91°
91°

10 a Draw a line segment [PQ] of length 6 cm.
b Construct the perpendicular bisector of [PQ], meeting [PQ] at X.
¢ Check your perpendicular bisector by measuring the lengths of [PX] and [QX].

REVIEW SET 2B " 108 SRR

1 Consider the diagram alongside.

a Name (AB) in two other ways.
b What can be said about: 4
i points A, B, and C B
il lines (AD) and (BD)?
o 2.

2 Find:
a the angle complementary to 65° b the angle supplementary to 88°.

3 Find, giving a reason, the value of the unknown:

a b
110°
0| 81°
(64
= 153°
x

4 Find, giving a reason, the value of the unknown:

a b
a be bo
55° b° Be

5 Draw [AB] of length 8 cm. Construct an angle of 90° at B using a compass and ruler only.
Hence draw [BC] of length 6 cm which is perpendicular to [AB].
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6 Draw and label the following angles:

a reflex BAC b acute PQR ¢ obtuse TRS
7 a Find the angle corresponding to: A B\
i BDA i DCB i BAC " q
b Classify the following angles as acute, obtuse, or
reflex: f
i c il a iil d D
©
8 a Determine the measure of reflex P(SR. p
R
b Find, without using a protractor, the measure of acute PQR.
Justify your answer.
9 B Classify the following angles as complementary,
A supplementary, or neither:
~ gl —C a CHA and CHD
PP b AMG and AHB
! ~~p ¢ BHC and CHD
E/ d BHC and EAG

10 Decide if (WX) is parallel to (YZ), giving reasons for
your answer.

Y
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OPENING PROBLEM

Credit cards are a common way to pay for things. When you buy
something, its value is subtracted from the card balance. When
you make payments onto the card, the amount is added to the
card balance.

Things to think about:

a Graham’s credit card has a balance of —$1230. He
purchases a table for $799 using his card. What will his
new balance be?

§ 3760 0045711 mm "
12118 w g

A

b Jill’s credit card has a balance of —$271. She pays some money onto the card, and her balance
now reads +$105. How much money did Jill put on the card?

¢ Kate buys $75 worth of groceries each week using her credit card. If her starting balance is
—$330, what will her balance be after 5 weeks?

The natural numbers 0, 1, 2, 3, 4, 5, .... are useful for solving many mathematical problems. However,
there are certain situations where these numbers are not sufficient.

You are probably familiar with the countdown for a rocket:
10,9, 8,7,6,5,4,3,2,1, BLAST OFF!

But if we keep counting backwards, what comes after zero?

It may seem that we have ‘run out’ of numbers when we reach zero.
However, there are many situations where we need to be able to keep
counting and where an answer of less than zero has a sensible meaning.

For example, which of these ideas can you explain, either in words or
with a diagram?

e 10 metres below sea level e owing $30
e 5 degrees below freezing e 3 floors below ground level

Al OPPOSITES

Many mathematical problems involve opposites.

These include:

e having money in a bank account and owing money to a bank account
e temperature above zero and temperature below zero

o height above sea level and height below sea level

e putting purchases on a credit card and paying off the credit card debt.

Prepare a list of fen opposites which involve numbers.
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Instead of using words to distinguish between opposites, we can use positive and negative numbers,

POSITIVE NUMBERS

Positive numbers are numbers which are greater than zero.

They can be written with a positive sign (4-) before the number, but we normally see them with no sign
at all and we assume the number is positive.
For instance: °
e ‘having $30” would be written as +30
e ‘3 floors above ground level’ would be written as +3.

‘10 metres above sea level” would be written as 410 or just 10

In each case a measurement is being taken from a reference position of zero such as sea level or ground
level.

NEGATIVE NUMBERS

Negative numbers are numbers which are less than zero. They are written with a negative sign (—)
before the number.

For instance: e ‘10 metres below sea level” would be written as —10

e ‘owing $30° would be written as —30
e ‘3 floors below ground level” would be written as —3.

Again, the measurement is being taken from a reference position of zero.

Some common uses of positive and negative signs are listed in the table below:

Positive (+)

Negative (—)

Fositive (+)

Negative (—)

above

below

fast

slow

We say that positive and
negative are opposites.

increase

decrease

win

lose

profit

loss

north

south

right

left

east

west

EXERCISE 3A
1 Copy and complete the following table:

Statement Number Opposite of statement | Number

winning by 5 goals +5

o o

25 m east of a building

a clock is 3 min slow

a gain of 4 kg
a loss of $1250
20 km south of the city
200 m above sea level
11°C below zero
a decrease of $100

one floor above ground level

=_—-—_Tu = 6 o n
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ol of

+2+

1+

Write the positive or negative number for the position of each object.

The reference position is the water level.
[ 3 b

]

o) Self Tutor

the bird is at +3.

The boat is level with the water, so it is at 0.
Positions below the water level are marked with negative numbers.

the diver is at —1 and the shark is at —3.

a Positions above the water level are marked with positive numbers.

b The clifftop is at +4, the top of the periscope is at +1, the water level is at 0, and the
submarine is at —2.

2 Write positive or negative numbers for the position
of each object. Use the bottom of each object to
make your measurement.

b
<
d

lift

car

people
rubbish skip

ground level

3 With zero as the reference position, right is positive and left is negative. Write numbers for the
positions of A, B, C, D, and E.

& Write these temperatures as positive or negative numbers:
4°C below zero b 21°C above zero

17°C below zero e 32°C above zero

a
d

D B E
| L | I |

—4 0

¢ 13°C above zero
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5 If north is the positive direction, write these positions as positive or negative numbers:
a 3 km south b 15 km north ¢ 250 km south
d 2000 km south e 57 km north

6 State the combined effect of:
a a withdrawal of $70 followed by a deposit of $100

b a rise in temperature of 2°C followed by a fall of 5°C
¢ a4 km trip east followed by a 3 km trip west
d 9 steps south followed by 9 steps north
e going up 8 floors in a lift then coming down 9 floors
f aloss of 6 kg followed by a gain of 4 kg.
7 A baby girl weighed 3270 grams at birth. The record of her weight Day 1: 56 g gain
for the first five days is shown opposite. Day 2: 16 g loss
a Write each day’s gain or loss as a positive or negative number. Day 3: 28 g loss
b What was the baby’s weight at the end of the five days? Day 4: 73 g gain
Day 5: 19 g loss
8 The minimum temperatures of some European cities were °C
recorded on December 1st. The results are shown on the 4L 30
thermometer. |
a What was the temperature for each city? 4L 2
b How many °C was Tarifa warmer than: Tarifa — | |- above
i Palermo il Berlin ili Reykjavik? Palermo —» | |- 10  freczing
¢ How many °C was Reykjavik cooler than: Marseille —» | - f
i Berlin ii Marseille ili Palermo? B.erl%n W 0 T
g . Reykjavik —» | |- ‘
d What was the difference in temperature between:
i Berlin and Palermo | :_10 frzzlgi‘zg
il Marseille and Tarifa? dl 9

KN THENUMBERLINE

We can represent all whole numbers on a number line. This line extends forever in both directions.

al_ | I | | l | | | L | | | | b

-7 -6 -5 -4 -3 -2 -1 0 +1 42 43 44 +5 46 +7

Zero is neither
positive nor negative.

The numbers to the right of zero are the positive numbers.
The numbers to the left of zero are the negative numbers.

The negative whole numbers, zero, and the positive whole
numbers are together known as integers.

Pairs of numbers like —7 and 7 are exactly the same distance
from O but on opposite sides of zero. They are therefore called
opposites.
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What is the opposite of: a +4 b -9? Numbers which are
opposites are the same

] . distance from zero
a The opposite of +4 is —4. B o oy

b The opposite of —9 is +9. but on different sides.

We can use a number line to compare the sizes of different numbers and arrange them in order.

As you move along the number line from /eft to right, the numbers increase. In a group of numbers, the
number furthest to the right is the greatest number.
o numbers increase +3 is greater than —1 because it is further to the

al | I 1 Y I 1 | $ l »  right on the number line.
-5 -4 -3 -2 -1 0 +1 +2 +3 +4

As you move along the number line from right to left, the numbers decrease in size. In a group of
numbers, the number furthest to the left is the least number.
y nunihers decrease —5 is less than —2 because it is further to the left

4 11 4 1 1 I I 1y on the number line.
-6 -5 -4 -3 -2 -1 0 +1 +2 +3

We can use the symbols > and < when comparing numbers.

> stands for ‘is greater than’

< stands for ‘is less than’

So, we could write these two statements as +3 > —1 and -5 < —2.

| Example3 | «) Self Tutor

a Show +3 and —2 on a number line and write a sentence comparing their size.

b Write the statement —7 > —4 in words, then state whether it is true or false.

Since +3 is further to the right, +3 is greater

2 +3
IR T SR T [ L [ than —2.
-4 -2 0 42 4 We could also say —2 is less than +3.

b The statement reads ‘negative 7 is greater than negative 4’.
This is false because —7 is to the left of —4, and so it is less than —4.

EXERCISE 3B
1 Write the opposite of each number:
a -3 b 15 c -10 d -9 e 38 f -6 g +7 h 0

2 Show —1 and —6 on a number line and write a sentence comparing their size.

3  Write the statement 2 > —5 in words, then state whether it is true or false.
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& Write true or false for each of the following statements:

a 6>2 b —4<15 ¢ 17> 18

d 2«19 e —13>5 f —20<—12
5 Insert either < or > in place of [J to make each statement true:

a 806 b 18017 ¢ —90 -4

d -3015 e 2000156 f -60-2

m o) Self Tutor

Locate the values of 5, 3, 0, —1, and —4 on a number line.

—4 -1 0 3 )
T R T~ S B S = =
-3 0 5

6 Draw number lines to show the following sets of numbers. Use a different number line for cach set.
a —9,2,5 b 2,68 -3, —4
¢ 9, —-4,-9,1,6, -6 d -3,2,5 —5,0, -1

~

Display the number set 4, —2, 1, —1 on a number line.
Hence arrange the numbers from least to greatest.

Display the number set 5, —3, 0, 2, —4, 6, —1 on a number line.
Hence arrange the numbers from least to greatest.

9 a Arrange in descending order:
0, -5, 8, —7, —2, and 6.
b Arrange in ascending order: Descending means

0. —10.8. 7. —7, and —2. downwards. Ascending
) SRO-RIGEE means upwards.

10 The temperatures of six cities were:
Ulaanbaatar 3°C, Singapore 33°C, Melbourne 19°C, Oslo —4°C, Moscow —6°C, Tokyo 1°C.
Place them in order from coldest to hottest.

m o) Self Tutor

Use a number line to: a increase —2 by § b decrease —1 by 4.

a To increase —2 by 5, we move along the

number line 5 units to the right. SN N Y o N A WY e S B P 2
. -5-4-3-2-10 1 2 3 4
The result is +3.
b To decrease —1 by 4, we move along the
il O s Ly

number line 4 units to the left.
The result is —5.
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11 Use a number line to:

a increase —5 by 1 b decrease 3 by 4 ¢ decrease —5 by 6

d increase —4 by 3 e increase —5 by 5 f decreasc —1 by 6
12 Use a number line to find:

a 347 b —3+5 ¢ 5-9 d 4-8

e 0-6 f —11+7 g —2-6 h -3-9

ACTIVITYT

You will need:

R GAME FOR 2 PLAYERS

PRINTABLE
NUMBER LINE

e 2 different coloured dice
e 2 counters
e a number line

win L L L Ly
-8 —4 0 4

How to play:

1 Choose one die to represent the positive numbers 1 to 6 and the other to represent the negative
numbers —1 to —6.

Start the game with both counters on zero.

3 Take it in turns to throw both dice and move your own counter according to the sum of the
numbers thrown.

& Keep going until one player goes over either end. Their score must be greater than 8 or less
than —8. That person wins!

) SUBTRACTING NEGATIVES

ADDING A NEGATIVE NUMBER

We know that 443 =7, but what is the value of 4 + —3?
Consider the following true statements: 443 =7

44+2=6
4+1=5
44+0=4

As the number being added to 4 decreases by 1, the final answer also decreases by 1.

Continuing this pattern gives: 4+-1=3 Compare with: 4-1=3
44 -2=2 4-2=2
44+ -3=1 4-3=1
44+ -4=0 4-4=0

Adding a negative number is equivalent to subtracting its opposite.

For example, 2+ —6 is equivalentto 2 — 6.
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SUBTRACTING A NEGATIVE NUMBER

We know that 4 —3 =1, but what is the value of 4 — —3?
Consider the following true statements: 4 —-3=1

4-2=2
4-1=3
4-0=4

As the number being subtracted decreases by 1, the answer increases by 1.

Continuing this pattern gives: 4—--1=5 Compare with: 441=5
4—-2=6 44+2=6
4—--3=7 44+3=7
4——4=28 4+4=28

Subtracting a negative number is equivalent to adding its opposite.

For example, 3 ——5 is equivalentto 3 +5.

Example 6 m

Simplify and then evaluate:

a 2+ -5 b 2--5 € 24 -5 d —2—-5

a 24+ -5 b 2—-5 c -2+ -5 d —2—-5
=2-5 =2+5 =-2-5 =-2+45

SHARKS
You will need: «
e 2 spinners Ah 4’
e 2 counters
e a number line

|
-8 -7 6 -5 -4 -3 -2 -10 1 2 3 4 5 6 7

8
a —=

How to play: PRINTABLE
NUMBER LINE

1 Both players start at zero.

2 One player spins the direction spinner.
If you spin a positive direction (4) you face towards the SAFETY end.
If you spin a negative direction (—) you face towards the SHARKS end.
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3 The same player then spins the steps spinner.
If you spin a positive value, step forward the number of steps indicated.
If you spin a negative value, step backward the number of steps indicated.

4 Players take it in turns to move.

5 Keep playing until a player reaches either the SHARKS or SAFETY. If they reach the SHARKS,
they lose. If they reach SAFETY, they win!

Discussion

What combinations of spins allow you to head to safety?

EXERCISE 3C
1 Simplify if possible, and then evaluate:
a 4-3 b 4+3 ;
e 4+ -3 f 4—-3 g
2 Simplify if possible, and then evaluate:
a 2-6 b 246 <
e 24+ -6 f 2—-6 g
3 Evaluate:
a 1+-2 b -2+ -6 <
e 3+-13 f 4—-5 g

—4-3 d —4+3
—44 -3 h —4—-3
-2-6 d —2+6
—24 -6 h —2——6
6+ —8 d —3—-7
—7—-10 h —9+-38

4 A maintenance man in an office block starts his working day on the ground floor. To fulfil his

duties he goes
then down 6 floors.

up 12 floors,

down 3 floors,
What floor does he end up on?

5 Evaluate:
a —2-7 b -7+5
d -13-8 e -7+ -5
g 24+ -12 h —4—-3
6 Simplify and hence evaluate:
a 4+7+-10 b 8——-2+-4
d -12—--9+5 e —4—-5+-8
g —3—-T7+-7 h —10+ -8+ -9
7 Find the difference between:
a —bHand 4 b —2and -5
¢ 8and —1 d —-4and -2
e 8and —8 f —7and8

up 5 floors,

down 7 floors, up 1 floor,
¢ 6+-3
f 6-—-9
i —11—-17

¢ —4——6-—1
f —3——10+10
i —1+10——7

The difference between
two numbers is the
greater number minus
the lesser number.

and
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8 Salt Lake City recorded the following
maximum temperatures for a week: T‘; ﬁf71d the average, at:id
o ° 5 the 7 temperatures an ¥
Mon 5°C,  Tues —3°C,  Wed —7 C then divide this sum by 7.

Thurs 2°C, Fri 1°C, Sat —4°C,
Sun —1°C.

What was the average daily maximum
temperature for the week?

| ACTIVITY 3

41318 A magic square is a square grid filled with consecutive whole numbers so that
each row, column, and diagonal has the same sum.
911511
For example, this magic square contains the numbers 1 to 9, and has the magic
21716 sum of 15 along every row, column, and diagonal.
What to do:
1 Copy and complete the following magic squares:
a |4 8 b 7 |12
7 15 9|6
10 5
8 |11 2
2 Magic squares may also contain negative numbets, 5 =1 o
a Is the square alongside a magic square? If so, what is the magic
sum? -3|-1|1
b Make a new magic square by adding 2 to each number in the magic
square given. State the new magic sum. 2| 3 | 4

¢ Make a new magic square by subtracting 3 from each number in the
magic square given. State the new magic sum.

3 If 3 was added to each number in a 3 x 3 magic square, what would happen to the magic
sum? Use your answers in 2 to help you.

&4 Copy and complete the following magic squares:

a|_4 0 b |3 -9 €|l 4|11 5| 2
~1 -8 6| 1
2 —7 4| 5 9|70 |7
6 -1|-6 -5 8

—2 ~11| —4
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- 'MULTIPLYING NEGATIVE NUMBERS

We have already seen how to add and subtract negative numbers. In this Section we look for rules for
their multiplication.

Consider the following true statements: 3 x 3= 9 :)

IxX2= 6) - :}
3x1=3 ;
~3
3x0=0 D
As the number being multiplied by 3 decreases by 1, the final answer decreases by 3.
Continuing this pattern gives: 3x—-1=-3 ) _3
3x—-2=-6 ) -
3x-3=-9
We can change the order in which numbers are multiplied, so we can also say that
—1x3=-3
—2x3=-6
—-3x3=-9

These suggest that  (positive) x (negative) = (negative) and (negative) x (positive) = (negative).

A similar pattern shows that: —3x3=-9 ) +3
—3x2= —SD i{
—3x1=-3%

—3x0=0-2*3

As the number being multiplied by —3 decreases by 1, the final answer increases by 3.

Continuing this pattern gives: —3x—-1=3 D 43
-3 X —-2= 6)_'_3
-3x-3=9

This suggests that (negative) x (negative) = (positive).
RULES FOR MULTIPLICATION

e (positive) x (positive) = (positive) When the signs are the same,
the answer is positive.

. . ! When the signs are different,
* (megative) X (positive) = (negative) the answer is negative.

* (megative) x (negative) = (positive)

i@m

valuate;
a 2x5 b 2x—-5 € —2x5 d -2x-5

* (positive) X (negative) = (negative)

a 2x5=10 b 2x-5=-10 € —2x5=-10 d 2x-5=10
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EXERCISE 3D

1 Evaluate:
a 6x4 b 6x—4 ¢ 6x4 d —6x—4
e 4x—6 f —4x6 g 4x6 h -4x -6
2 Evaluate:
a 3x-2 b —10x3 ¢ —2x -7 d 5x-10
e —6x8 f 5x-9 g —8x11 h 3x-11
i 9x -9 j —12x -2 k 11 x -5 I —6x -7
3 Determine the missing number in each of the following:
a 2xU0=-2 b Ox5=-10 c Oxt1t=-11
d 8x0O=-32 e —3x0O=18 f 8x0O=-16
g —2x0O=-8 h 9x0O=-9 i Ox—7=—-42
j Ox-10=30 k 4x0=-12 I Ox12=-120

4 Solve the following questions:

a A skydiver falls 70 metres per second for 4 seconds. How
many metres does he fall?

b When Tania bought a new bicycle for $540, she borrowed
the money from her parents. She repays them $70 per week
for 6 weeks. How much does Tania still owe her parents?

5 Evaluate:
a —5x8x5 b —7x3x-3 € —2x5x -2 d (-3)?
e —8x5x-5 f (—2)? g —7x(=1)2 h —2x9x-5
i (-5)3 i —6x22 k —8x2x-3 I (—4)2x5
6 Evaluate:
a (-1)? b (-1)* ¢ (-1)° d (-1)7 e (-1

What do you notice?

E ING NEGATIVE NUMBERS

In this Section we look for rules for the division of negative numbers.

We know that 12+4 =3, but how do we calculate:

o 12+ -4 o —12=:4 o —12+-47
The rules for division are identical to those for multiplication. This is not surprising because multiplication
and division are inverse operations.

For example, <+ by 2 isthe same as X by %
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RULES FOR DIVISION

(positive) < (positive) = (positive)
(pos1t1've) T. (negz}t?ve) F (negatfve) same signs gives a positive.
(negative) - (positive) = (negative) Dividing numbers with different
(negative) + (negative) = (positive) signs gives a negative.

Dividing numbers with the

=) Self Tutor \

Evaluate:
a —6=2 b 8§84
a - 6+2=-3 b 8- 4=-2

EXERCISE 3E

1 Evaluate:
a 153 b 15+-3 ¢ —15+3 d —15+-3
e 45+9 f —45+-9 g —45+9 h 45+ -9
i 6=6 j 6+-—6 k —6=-6 I —6=+—6
m 444 n —44-+-4 o —44+ -4 p 44+ -4

2 Determine the missing number in each of the following:

a 12-0=-3 b O0+-2=3 ¢ —4+-0=1

d 0+5=-5 e —18+0=2 f O+-4=-3

g O+—-2=4 h 30-0=-6 i 0+-8=5

j 36+-0=-—4 k -15+-0=-5 | O+ -4=7
m 72+-0=-9 n O0+10=-12 o O+-12=-12
P —-96+0=-8

3 Solve the following questions:
The average temperature

change is the total
temperature change divided
by the number of hours.

a A company owned equally by seven people has a debt
of $350000. What is each person’s share of the debt?

b One night in the Gobi Desert, the temperature drops
from 33°C to —12°C in five hours. What is the average
temperature change per hour?
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A COMBINED OPERATIONS

The order of operations rules also apply to negative numbers.

o Brackets are evaluated first.

e Exponents are calculated next.

e Divisions and Multiplications are done next, in the order that they appear.
e Additions and Subtractions are then done, in the order that they appear.

=) Self Tutor

Use the correct order of operations rules to calculate:

a 5+ —8x3 b -5—-15+-5

a 5+ —-8x3

Remember to
use BEDMAS!

=5+—-24 {multiplication first}
=5-24 {simplify}
=-19

b —5—15+ -5
=—-5—-3 {division first}
=-5+3 {simplify}
= =2

EXERCISE 3F

1 Find, using the order of operations rules:

a 3+4+-2 b -14+-3x2 ¢ 8+-2+45

d -3x-2-4 e 2—-6+-3 f —2x4+-7
g 7-3x-3 h —4x-5-12 i 3—6=--6

i (=3+4)x -7 k 15+(4-7) I —3x(-2+05)

2 Do —3? and (—3)? have the same value? Explain your answer.

3 Min’s company makes a $100000 profit per month for eight months, and then an $80000 loss for
each of the next four months. Find her company’s total profit or loss.

4 A computer store has the following sales record over a six-week period:
Week 1:  $388 profit Week 2:  $1373 loss Week 3:  $179 loss
Week 4:  $3013 profit Week 5:  $832 profit Week 6:  $1763 loss.

a What was the store’s overall profit or loss for this period?

b What was the store’s average weekly profit or loss during
this period? AL

% o
5 In indoor cricket, the person batting is penalised 5 runs for each \\/H
wicket lost. g"_ -

Josh lost 6 wickets, and scored 17 runs. What was his final score?
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EJ00 USING YOUR CALCULATOR

Calculators have a or key to specify a negative number.

On most calculators we press this key before the number, for example 2.

On some older calculators, however, we press it affer the number, for example 2 lﬁl .

You will need to check what keys your calculator has and the sequence in which they need to be pressed.

Example 10 Il ) Self Tutor

Evaluate the following using your calculator:
a —-144+-71 b 22— -45 ¢ —8x—4+(7-11)
Answers
a Press 14 71 —85
or Press 14 E’ E 71 E]
b Press 22 [-| 45 67
¢ Press [ 8[x] [@)] 4[] [ 7[2] 1] [Enter] -8

EXERCISE 3G

1 Use your calculator to evaluate:

a —35+61—47 b —26——41+ 38 ¢ —92—-16+57
d —12 - -87-129 e 38x—-25 f —1280+ 320
g —48+-12x —6 h —630 x 8 = —36

2 In windy conditions a helicopter falls 30 m, rises 45 m, falls 20 m,
rises 10 m, falls 15 m, then rises 12 m. How far is it now above
or below its original position?

3 Regina has $645 in the bank. She withdraws $423, deposits $371,
deposits $229, and then withdraws $738. What is her new bank
balance?

4 Abdul wanted to buy a nice car, so he saved €80 per week for
5 years. How much extra money did he need to borrow, to buy a
car valued at €26 000?

5 Answer the questions in the Opening Problem on page 62.
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KEY WORDS USED IN THIS CHAPTER

e addition e division e greater than

e integer e less than e multiplication
e negative number e number line e opposite

e positive number e subtraction

REVIEW SET 3A

1 Use a number line to evaluate:
a 4-7 b -3+6 € 3x -2 d -3x—-4

2 a What must I divide 96 by to get —8?
b Copy and complete: negative <+ positive = ......
¢ Insert < or > to make the following true: —50 3.

3 State the combined effect of:

a@ borrowing 5 books and returning 2 b depositing $78 and withdrawing $88.
4 Evaluate:
a h—-3+-7 b (-8)? ¢ —204+15+-3

5 a Arrange in ascending order: 2, -4, 0, -3, —6, 7, 3.
Find the difference between the greatest and least values in a.

6 a Usc a number line to decrease 2 by 9.
Insert < or > between 3 and —8& to make a true statement.
¢ Simplify 12 x (—1)3.

7 Roger’s business has $12500 in the bank. He must pay each of his 8 employees a wage of
$389 per week for 4 weeks. How much money will be remaining in the bank?

8 Write the opposite of:
a +9°C b —28m ¢ +36 points

@ Which is the greater distance:
A rising from 77 m below sea level to 12 m above sea level, or

B falling from 409 m above sea level to 321 m above sea level?

10 Beck, Cathy, Emily, and Ying agreed to meect at a

coffee shop. Beck was 9 minutes late, Cathy was
4 minutes carly, Emily was 17 minutes late, and Ying was
10 minutes early.

a Who arrived first?

b Who arrived closest to the agreed time?

¢ Find the difference between the arrival times of:

i Beck and Ying ii Cathy and Emily
iii Beck and Emily.
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11 In a mathematics competition, students are awarded 3 points for a right answer, and penalised
4 points for a wrong answer. Amy gave 6 wrong answers and 24 right answers. Sean gave
14 wrong answers and 16 right answers.

a How many points did each student score?
b By how many points did Amy beat Sean?

12 height (metres)

-« drill platform

The illustration shows some important parts of a mine.
a State the level of:
i the top of the drill platform il the bottom of the workshop
fii the side shaft iv the top of the mine site.
b How much higher is the drill platform than the side shaft?
¢ How much lower is the mine site than the workshop?
d Find the difference in height between the mine site and the drill platform.

13 In golf, a player’s score is expressed relative to the par score for the course. For a par 72
course, a player who completes the course in 75 strokes receives a score of 3 over par, or +3.
A player who takes 68 strokes receives a score of 4 under par, or —4.
a For a par 72 course, find the score for a player who completes the round in:
i 70 strokes I 78 strokes iii 67 strokes.
b A tournament is played over 4 rounds.

i Trevor shoots a score of —3 for each of the rounds. What is his score at the end of
the tournament?

fl. Wayne shoots scores of —5, +2, and —4 for the first 3 rounds. What score does he
need in the final round to beat Trevor?

REVIEW SET 3B TR

1 Indicate the position of each point using a number:

E B D A C
B e e
-5 0 5

2 a Copy and complete: negative X negative = ......
b Evalvate —7 x —11.
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a Use a number line to increase —15 by 8.
b Hence evaluate 3 x (—15+ 8).

Evaluate:
a (-1)° b -12+4+13 € —2x-3x-4

a Arrange in descending order: 5, —4, 0, 1, —1, 3, —6.
b Find the difference between the largest and smallest values.
¢ Find the sum of the numbers in a.

Greg wants to lose 12 kg. He initially loses 5 kg, then gains 1 kg per week for 3 weeks, then
loses 2 kg.

a Find Greg’s overall weight loss or gain.

b How much weight must Greg now lose to reach his goal?

If ground level is marked as 0 and the top of a 15 m high oil rig is assigned the integer 15,
what integer would be assigned to:

a the top of a 2 m high boundary fence

b the bottom of a mine shaft 129 m below ground level

¢ the top of a truck 4 m tall?

The minimum temperatures for a week in Beijing were:
—5°C, —4°C, —5°C, 2°C, 3°C, 3°C, —1°C.
Calculate the average minimum temperature for that week.

A warehouse contains 24 pianos. Each week 3
more are sent to the warehouse from the factory.
Over a 4 week period, 1, 6, 3, and 5 pianos are
sold. How many pianos are now in the warehouse?

A new office building has two lifts. There are two floors of 9
underground carparking, and 9 floors above ground. The lifts can 8
move up and down by 1 floor every 5 seconds. 7
a Lift 1 is on floor 7 and lift 2 is at B1. How far are the lifts 6
apart? 5

b Lift 1 moves down for 15 seconds. Where is it now? 4
¢ Lift 2 moves up for 25 seconds. Where is it now? 3
d Suppose the lifts are both at floor 3. Lift 1 starts moving up at 2
the same time as lift 2 starts moving down. 1

i Write an expression for the distance between the lifts after G

10 seconds. Bl

ii 'Will lift 1 reach the top floor before lift 2 reaches the B2

T 2

bottom floor? Lift
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11 Previous experience has taught Rapunzel that using one’s hair to escape is a bad idea. She
instead knots bedsheets together, keeping the knots at equal intervals. From her window to the
ground is a distance of 25 knots.

a If her window is 0, what number represents the
ground?

‘&

b A climbing plant on the side of the tower reaches
11 knots up from the ground. What number
represents the top of the plant?

E\g@o p@%—‘m

¢ Rapunzel starts the climb at her window. She
climbs down at the rate of 3 knots a minute.

I What is her position after 4 minutes?
Il How far above or below the top of the plant

is she?
12 Fergus
frog bug
" S oo@-ooao@-
negative =—— > pos’iﬂve

Fergus the Frog is on the lilypad at 0. He has spied a bug which he would like for dinner.
a Write down a number to represent the position of the bug.

b Fergus has forgotten his bow tie for dinner. He jumps back to his house, 2 lilypads at a
time. If Fergus makes 4 jumps, what is the position of his house?

¢ Meanwhile, the bug has moved one lilypad to the right for each of Fergus’ jumps. How
far away is the bug now from 0?

d Not wanting to miss his dinner, Fergus chases after the bug. He jumps forward 3 lilypads
every time, with the bug fleeing one lilypad for each of Fergus’ jumps. How many jumps
does Fergus need to catch the bug?
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OPENING PROBLEM

A school building has 100 lockers. The lockers are lined
up in a row, all closed.

Consider the following scenario:

e Eddie goes down the row and opens every locker.

e Terry then goes down the row and closes every second
locker, starting with locker number 2.

e Nick then goes down the row and changes the state
of every third locker, starting with locker number 3.
So, if the locker is closed he opens it, and if the locker
is open he closes it.

Things to think about:
a How many lockers does Terry close?

b How many lockers does Nick change?
¢ How many lockers are touched by both Terry and Nick? Which lockers are they?
d After the three students have passed, how many lockers are left open?

The questions in the Opening Problem may appear very difficult and time consuming. However, some
knowledge of the properties of numbers can make solving them relatively easy.

S DIVISIBILITY

One number is divisible by another if, when we divide, the quotient is a whole number.

For example: 16 is divisible by 2 because 16 +2=28.
16 is not divisible by 3 because 16 =3 =5 with remainder 1.

EVEN AND ODD NUMBERS

A natural number is even if it is divisible by 2.
A natural number is odd if it is not divisible by 2.

For example: 18 is even because 18+ 2 =9,
23 is odd because 23 +~2 =11 with remainder 1.

EXERCISE 4A.1
1 Decide whether:
a 28 is divisible by 4 b 17 is divisible by 3 ¢ 31 is divisible by 5
d 54 is divisible by 9 e 70 is divisible by 10 f 76 is divisible by 8.

2 Decide whether the following numbers are even or odd:
a 16 b 17 ¢ 45 d 38
e 52 f 89 g 130 h 143
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3 Find the number between 90 and 100 which is divisible by 8.

L Write down the numbers between 20 and 40 which are:

a even and divisible by 3 b odd and divisible by 11
¢ even and not divisible by 4 d odd and not divisible by 3
e even and square f odd and cubic.
B! Wiitepthe numbey 60 25: There are several possible
a the sum of two even numbers answers for question §.

b the sum of two odd numbers
¢ the product of two even numbers
d the product of an even number and an odd number.

6 Decide whether the following are even or odd:

a the sum of three even numbers

b the sum of three odd numbers
¢ the product of an even and two odd numbers
d

the sum of four odd numbers.

DIVISIBILITY TESTS

We sometimes need to quickly decide whether one number is divisible by another. Obviously this can be
done using a calculator provided the number is not too big. However, there are also some simple rules
we can use to test for divisibility, without actually doing the division!

For example: Any even number is divisible by 2, so its last digit must be 0, 2, 4, 6, or 8.
Any odd number is not divisible by 2, so its last digit must be 1, 3, 5, 7, or 9.

INVESTIGATION 1 DIVISIBILITY BY 4 AND 9

One of the joys of mathematics comes from investigating and discovering things for yourself. In this
Investigation you should discover rules for divisibility by 4 and by 9.

What to do:

1 Copy and complete the following table. Start with the third column by writing down the last
two digits of each number. Then use your calculator to check the numbers for divisibility by 4.

Divisibility by 4 of number

Number | Divisibility by 4 (Yes/No) | Last 2 digits )

81 81
154 54
774

3624
6957
9908

E]

2 Copy and complete: “A natural number is divisible by 4 if ...... :
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3 Copy and complete the Number | Divisibility by 9 (Yes/No) | Sum of its digits
following table: 31 8+1=9
154
774
3624
6957
9908

2

4 Copy and complete: “A natural number is divisible by 9 if ......".

DIVISIBILITY TESTS FOR NATURAL NUMBERS

Number Divisibility Test

2 If the last digit is even, then the number is divisible by 2.
3 If the sum of the digits is divisible by 3, then the number is divisible by 3.
4 If the number formed by the last two digits is divisible by 4, then the original

number is divisible by 4.

If the last digit is O or 5, then the number is divisible by 5.

If the number is divisible by both 2 and 3, then it is divisible by 6.

If the sum of the digits is divisible by 9, then the number is divisible by 9.
10 If the last digit is 0, then the number is divisible by 10.

11 Add the digits in odd positions. Add the digits in the even positions. Find the
difference between your two answers. If the difference is divisible by 11, the
original number is divisible by 11.

Test for divisibility by 3 and 11:
a 846 b 2618

a The sum of the digits of 846is 8+ 4+ 6 = 18.
Since 18 is divisible by 3, so is 846.

For the number 846, the sum of the digits in the odd positions is 6 4 8 = 14 and the sum

of the digits in the even positions is 4.

The difference is 14 — 4 = 10.

Since 10 is not divisible by 11, 846 is not divisible by 11.
b The sum of the digits of 2618is 2464148 = 17.

Since 17 is not divisible by 3, 2618 is not divisible by 3.

For the number 2618, the sum of the digits in the odd positionsis 1-+2 =3 and the sum

of the digits in the even positions is & + 6 = 14.
The difference is 14 — 3 = 11, which is divisible by 11.
So, 2618 is divisible by 11.

o) Self Tutor
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EXERCISE 4A.2

10

A number is called delectable if the number formed by its first
n digits is always divisible by n.

For example, 4236 is a delectable number because

and the number formed by the first 4 digits (4236) is divisible by 4.

2052 is not a delectable number because, although 2 is divisible
by 1, and 20 is divisible by 2, 205 is not divisible by 3.

Answer true or false for the following:

a 26 is divisible by 2 b 5221 is divisible by 5 ¢ 127 is divisible by 3

d 1010 is divisible by 10 e 1900 is divisible by 4 f 1326 is divisible by 3
g 111 is divisible by 2 h 166 is divisible by 9 i 9288 is divisible by 9

J 247 is divisible by 11 ke 5922 is divisible by 6 I 5071 is divisible by 11.

Determine whether the following are divisible by 3:
a 87 b 512 ¢ 977 d 1002 e 56947 f 123456789

Determine whether the following are divisible by 4:
a 2250 b 1024 ¢ 30420 d 215962

Determine whether the following are divisible by 9:
a 801 b 2763 ¢ 3079 d 269730

Determine whether the following are divisible by 11:
a 596 b 7282 ¢ 10837 d 908281

Test the following numbers for divisibility by 2, 3, 4, 5, and 9:
a 250 b 3609 ¢ 12345 d 14641

A four-digit number has digit form ‘abb1’. If the number is divisible by 3, what are the possible
values of a + b?

Consider the five-digit number 82 510]. What digits could replace [J so that the number is divisible
by:
a 3 b 4 c 5 d 6 e 9 f11?

a Rearrange the digits 1, 4, 5, and 8 to form a number which is divisible by:
i b it 4
b Explain why every rearrangement of the digits in a will form a number which is divisible by 9.

Simone’s teacher told her that 1738 is divisible by 11. Simone noticed that reversing the digits of
this number gives 8371, which is also divisible by 11.

Explain why, if we are given a number which is divisible by 11, and reverse its digits, the result is
also divisible by 11.

DELECTABLE NUMBERS

the number formed by the first digit (4) is divisible by 1,
the number formed by the first 2 digits (42) is divisible by 2,
the number formed by the first 3 digits (423) is divisible by 3,
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1 Which one of the numbers below is a delectable number?
A 461 B 5226 € 63 D 723 E 34265

How many three-digit delectable numbers can you make using the digits 1, 2, and 3 once each?

Show that it is impossible to make a four-digit delectable number using the digits 1, 2, 3, and 4
once each.
4 Challenge:

There is only one nine-digit delectable number which can be made using the digits 1 to 9 once
each. Can you find it?

Hint: The first digit is 3.

B] SR FACTORS

The factors of a natural number are the natural numbers which divide exactly into it.

For example, the factors of 6 are 1, 2, 3, and 6, since: 6+-1=26
6+2=3
6-3=2
6 + 4 = 1 remainder 2
6 = 5 = 1 remainder 1
6-6=1

When we write a number as a product of factors, we say it is factorised.

e 6 may be factorised as a product of two factors in two ways: 1x6 or 2x3.

e 12 has factors 1, 2, 3, 4, 6, 12, and can be factorised as a product of two factors in three ways:
1x12, 2x6, and 3 x 4.

EXERCISE 4B.1
1 a Is 8 a factor of 247 b Is 5 a factor of 437
¢ Is 7 a factor of 347 d Is 9 a factor of 727
2 a List all the factors of 20. b Copy and complete: 20 =4 x ......

¢ Write another pair of factors which multiply to give 20.

3 List all the factors of:

a 8 b 16 ¢ 30 d 36 e 44 f 56
g 50 h 84 i 77 j 49 k 65 I 91
4 Copy and complete:

a 24=6x...... b 25=5x.... € 28=4x

d 100=5x...... e 83=11x f 8=2x.....

g 36=2x.... h 36=3x..... i 36=9x ......

j 49=7x..... k 121 =11 x ...... I 72=6x......

m 60=12x ...... n 48=12x...... 0 96=8x ...
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5 Write the largest factor (other than itself) of:
a 14 b 27 € 56 d 44 e 75 f 90

6 What is the smallest number which has factors:
a 2 3, and 5 b 3,5 and 7 ¢ 2, 3,5, and 77

7 A number has six factors. Two of its factors are 9 and 21. Find the number.

8 Answer the Opening Problem on page 82.

9 a How many different factors do the following numbers have?
i 4 ii 9 ii 25 iv 100
b What numbers have an odd number of factors?
10 Consider again the Opening Problem on page 82. Suppose a fourth student comes along. She
changes the state of every fourth locker, starting at locker 4. This process continues for each of the

100 students who use the lockers.
Click on the icon for a demonstration of the process. DEMO

a How does the number of factors of a locker number determine whether a
locker ends up open or closed?

b Write down the numbers of the lockers that will be left open.

PUZZLE

In each diagram you must put a different number in each circle so that the product of the three
numbers going across equals the product of the three numbers going down. In each case, the product
is given to you, and you can choose numbers from 1, 2, 3, 4, 5, 6,7,8,9, 10 only.

155-PRODUCTS

One number is given to you.

a b <

product is 48 product is 60 product is 30

HIGHEST COMMON FACTOR

The highest common factor or HCF of two numbers is the largest factor which is common to both
of them.

| Example 2 | ) Self Tutor

Find the HCF of 24 and 40.

The factors of 24 are 1, 2, 3, 4, 6, 8, 12, 24.
The factors of 40 are 1, 2, 4, 5, 8, 10, 20, 40.
the HCF of 24 and 40 is 8.
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EXERCISE 4B.2
1 Find the HCF of:

a 12and 15 b 16 and 20 ¢ 21 and 35 d 9and 12
e 16 and 56 f 14 and 35 g 20 and 36 h 18 and 45
i 40 and 46 j 44 and 110 k 81 and 108 I 135 and 360.

2 Ed has two lengths of network cable, one measuring 18 m
and the other measuring 12 m. He wishes to cut them into
shorter cables which are all the same length. What is the
longest length of cable Ed can make in this way?

3 A hardware store sells nails in packets which all contain
the same number of nails. Ron bought a total of 320 nails,
and Tess bought a total of 200 nails. What is the greatest
possible number of nails that could be in each packet?

MULTIPLES

The multiples of any whole number have that number as a factor. They are obtained
by multiplying it by 1, then 2, then 3, then 4, and so on.

The multiples of 10 are: 10, 20, 30, 40, 50,

| I AN SN A

10x1 10x2 10x3 10x4 10x5
The multiples of 15 are: 15, 30, 45, 60, o5

I R S

15x1 15x2 15x3 15x4 15x5
The number 30 is a multiple of both 10 and 15, so we say 30 is a common multiple of 10 and 15.

| Exampic3 I

Find the common multiples of 4 and 6 between 20 and 40.

The multiples of 4 are 4, 8, 12, 16, 20, 24, 28, 32, 36, 40, ....
The multiples of 6 are 6, 12, 18, 24, 30, 36, 42, ...
the common multiples between 20 and 40 are 24 and 36.

EXERCISE 4C.1
1 List the first six multiples of:
a 4 b 9 ¢ 10 d 15 e 22 f 35
2 Find the:
a seventh multiple of 6 b ninth multiple of 11

¢ eleventh multiple of 15 d hundredth multiple of 99.
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3 Find the:
a smallest multiple of 7 that is greater than 500
b greatest multiple of 12 that is less than 1000.

4 List the numbers from 1 to 30.
a Put a circle around each multiple of 3.
b Put a square around each multiple of 4.
¢ List the common multiples of 3 and 4 which are less than 30.

5 Use lists of multiples to help answer the following:

a Iam an odd multiple of 9. The product of my two digits is also a multiple of 9. Which two
numbers could I be?

b I am a square number. I am a multiple of 6 and a factor of 252. What number am 1?

¢ I am a multiple of 7 and a factor of 210. The product of my two digits is odd. What number
am I?

6 Find the common multiples of 6 and 10 which are less than 100.

LOWEST COMMON MULTIPLE

The lowest common multiple or LCM of two numbers is the smallest multiple which is common to
both of them.

| Example 4| -0 self Tutor

Find the LCM of 6 and 8.

The multiples of 6 are 6, 12, 18, 24, 30, 36, 42, 48, 54, 60, ....
The multiples of 8 are 8, 16, 24, 32, 40, 48, 56, ....

the common multiples of 6 and 8 are 24, 48, ....

the LCM of 6 and 8 is 24.

EXERCISE 4C.2

1 Find the lowest common multiple for each of the following pairs of numbers:

a 4and 10 b 5and 15 ¢ 8and 12 d 12 and 15
e 6and 10 f 4and 7 g 8and 9 h 6and 14
i 6and11 j 5and 13 k 15 and 25 I 27 and 36

2 Buses arrive at a sports stadium every 8 minutes,
and trains arrive every 14 minutes. A bus and a
train have just arrived simultaneously. How long
will it be before this happens again?

3 A baker bakes the same number of buns each day.
On weekdays he sells them in packs of 12, and on
weekends he sells them in packs of 13. He always
sells complete packs. What is the least possible
number of buns he bakes?
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| INVESTIGATION HCF AND LCM
Given two different positive whole numbers, is there a relationship between the HCF and LCM?
What to do:
1 Copy and complete:
Pair of numbers | Product of numbers | HCF | LCM | HCF x LCM
6 and 8 48 24
6 and 9
4 and 10
15 and 25

2 Use your table to predict the relationship between the HCF and LCM of two different positive
whole numbers.

3 a Find the HCF of 21 and 28. b Hence find their LCM.
& The product of two numbers is 720 and their HCF is 6. What is their LCM?

Some numbers have only two factors, 1 and the number itself.

RIME AND COMPOSITE NUMBERS

For example, the only factors of 7 are 1 and 7, and the only factors of 31 are 1 and 31.

Numbers of this type are called prime numbers or primes.

A prime number is a natural number which has exactly two different factors, 1 and itself.

A composite number is a natural number which has more than two factors.
From the definitions of prime and composite numbers we can see that:

The number 1 is neither prime nor composite.

PRIME FACTORS

The number 6 is composite since it has four factors: 1, 2, 3, and 6.
Notice that 6 = 2 x 3, and both of these factors are prime numbers.

The number 12 can be written as the product of prime factors 2 x 2 x 3.

All composite numbers can be written as the product of prime number factors in
exactly one way (apart from order).

When we write a number as the product of prime factors, it is usual to express it in index form.

For example, we would write 12 = 2% x 3.
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We consider two methods for expressing the composite number 180 as the product of its prime factors:

e In the method of repeated division, we systematically divide the number by 2 | 180
the prime numbers which are its factors, starting with the smallest. o 90
So, 180 =2x2x3x3X5H 3—?

=2 x3? x5 315
5 5
N
e In the second method we create a factor tree. We find a 180

factor pair for the given number, in this case 180 = 18x 10.
We use these factors as branches of the tree. We continue

the process for each of the branches until we are only left
with prime numbers. / \ / \
)

So, 180=3x3x2x5x2

9
=22%x3%2x5 /\

3 3
Express 350 as the product of prime factors in index form. Your factor tree will look
different if you begin with
Repeated division or Factor tree a different factor pair.
However, this will not
2 | 350 350 affect your final answer.
5 | 175 / \
5| 35 35 10
i g
1 7 5 5 2
So, 350=2xH5x56x7 So, 350=7x5x5x2
=2x5°x7 —2x52x7

EXERCISE 4D

1 a List all the prime numbers less than 50.
b Is 1 a prime number? Explain your answer.
¢ Are there any prime numbers which are even?

2 Use a list of prime numbers to help you find:
a the smallest odd prime
b the only odd two-digit composite number less than 20
¢ a prime number which is a factor of 105, 20, and 30.

3 The two digits of a number are the same. Their product is not composite. What is the number?

4 Show that the following numbers are composites:
a 6485 b 9320 c 2222 d 4279
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5 Copy and complete the following factor trees:
a b <
120 675

VANEA Fa!

6 Use a factor tree to write as the product of prime factors in index form:
a 24 b 70 ¢ 63 d 72
e 225 f 88 g 480 h 1024

7 Use repeated division to write as the product of prime factors in

Use divisibility tests

index form: to help find factors.
a 28 b 27 c 84

d 160 e 216 f 528

g 784 h 138 i 250

j 189 ke 726 I 9625

8 Edward thinks he has found fwo ways of writing the number 16
as the product of prime factors:
16=2% 16 =42
Explain why Edward is wrong.

[ INVESTIGATION 3 THE SIEVE OF ERATOSTHENES

Eratosthenes (pronounced Er-ra-toss-tha-nees) was a
Greek mathematician and geographer who lived between
275 BC and 194 BC. He is credited with many useful
mathematical discoveries and calculations.

Eratosthenes was probably the first person to calculate the
circumference of the Earth, which is the distance around
the equator. He did this using the lengths of shadows.

Eratosthenes also found a method for ‘sieving’ out
composite numbers from the numbers from 1 to 100 to
leave only the primes.

His method was:

e cross out 1 1123|456 [7[8]9]10
e cross out all evens except 2 11112113]14]15|16|17|18[19(20
® cross out all multiples of 3, except 3 21122)23]24125|26|27|28(29]30

31/32(33[34|35|36|37[38[39]40
41142 (43 [44|45 (46 |47 |48 |49 50
51|52 (53|54 |55|56|57|58]59]60
61(62]63[64|65|66|67|68]|69|70
L 72173|74 (75|76 | 77|78 79|80
81)182|83[84(85(86|87[88[89 90
91192/93[94(95(96|97[98|99 100

e cross out all multiples of 5, except 5

e cross out all multiples of 7, except 7

e continue this process using the smallest
uncrossed number not already used.
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What to do: PRINTABLE

) TABLE OF NUMBERS
1 Print the table of numbers from 1 to 100. Use Eratosthenes’

method to discover the primes between 1 and 100.

2 Are there patterns in the way pr'ime Set of numbers | Total number of prime numbers
numbers occur? Copy the table into 009
your book and count the number of
. . 10 to 19
primes in each set of numbers. Is there
20 to 29
a pattern?
DEMO 30 to 39
40 to 49
50 to 59
60 to 69
T2 THE 1000 POINT WORD
Rachel decided to allocate points to different words. She first converted each letter into a number
using A — 1, B—2, ..., Z— 26. The product of the numbers was her score for each word.

Using Rachel’s method, H E L L O hasthe value
8 x 5 x 12 x 12 x 15 = 86 400 points.

What to do:
1 Find the points value for the word:
a BED b MILK ¢ JUMP
2 Find the points value for your name. Which of your classmates’ names gives the highest points
value?

Explain why any word containing a ‘J* will have a points value ending in 0.

& Rachel is particularly interested in words which have a value of exactly 1000 points.
a Explain why it is impossible for such a word to contain the letter ‘G’.
b Make a list of the possible letters that a 1000 point word could contain.

¢ Rachel foundthat B E A D Y isa 1000 point word, since
2 x5 x1x4x25=1000.

Can you find another one?

E | ROOTS

In Chapter 1 we encountered square numbers and cubic numbers, which occur when a whole number
is squared or cubed. We will now consider the opposite operation, which is to find the square root or
cube root of a whole number.

The square root of the number a is the positive number which, when squared, gives a.

We write the square root of a as +/a.

vaxa=a
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For example, since 4 =22 9=13% and 16 = 42,

Vi=2 9=3, and V16 =4.

The square roots of 4, 9, and 16 are whole numbers, so 4, 9, and 16
are perfect squares.

The square roots of most numbers are not whole numbers.
For example, V221.414213....

We can find square roots using our calculator. You need to look for
the v/ symbol. You may need to press a key such as [2ndF| or

SHIFfl to access this function.

Example 6

(—2)2 = 4 also, but the
square root of a number
is positive, so Vi=2
rather than —2.

) Self Tutor

Between which two consecutive integers does /40 lie?

/40 is between /36 and /49.
v/40 is between 6 and 7.

The square numbers either side of 40 are 36 and 49.

CUBE ROOTS

The cube root of a is the number which, when cubed, gives a.

We write the cube root of @ as /a.
Yax Jax Ja=a
For example, since 8§=2% and 27 = 133,
V8=2 and V27=3.
Notice that (—2)> = -8 andso </—8= -2

In contrast, we cannot find the square root of a negative number.

EXERCISE 4E

1 Find:
a 16 b 49 c /81 d
e /256 f V0 g V1024 h
i /4225 i /9801 k /10000 !

2 Between which two consecutive integers do the following values lie?
a V3 b 7 c /30 d
Check your answers using a calculator.

3 Find:
a 1 b V64 ¢ V125 d
e -1 f =27 g /64 h

a =] =] o=
= S§zE
SR
o

V34
v —100

o
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ACTIVITY 3

GOLDBACH’S “GOLDEN RULES”?
In 1742, Christian Goldbach suggested two “golden rules”:

e Every even number greater than 4 can be written as the sum of two odd primes.

e Every odd number greater than 8 can be written as the sum of three odd primes.

What to do:

1 Complete the following table to test Goldbach’s first “rule”.
The first 15 primes are given to help you:

2,3,5,7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47

6=3+3
16 =
26 =
36 =
46 =

8=3+5
18 =
28 =
38 =
48 =

10 =
20 =
30 =
40 =
50 =

14 =
24 =
34 =
44 =
54 =

2 Complete the following table to test Goldbach’s second “rule”.

9=34+3+3|11=34+3+5|13=
19 = 21 = 23 =
29 = 31 = 33 =
39 = 41 = 43 =
49 = 51 = 53 =

15 =
25 =
35 =
45 =
55 =

17 =
27 =
37 =
47 =
57

KEY WORDS USED IN THIS CHAPTER

composite number °
even number °
factor tree °
lowest common multiple °
odd number °
repeated division o

REVIEW SET 4A

1 Write the number 36 as:
a the sum of two even numbers
b the sum of two odd numbers

cube root
factor

highest common factor

multiple
positive number
square root

¢ the product of two even numbers

d the product of an even number and an odd number.

2 Find all possible values of the missing digit O if:
a 320 is divisible by 4

3 List the factors of*

a 72

b 90

b 904 is divisible by 3

¢ 126

4 List the multiples of 7 which lic between 40 and 60.

e divisible
factor pairs

integer
negative number

prime number

¢ 207 is divisible by 9.
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5 Show that the following numbers are composites:
a 2950 b 1863

6 Complete the factor tree:
/ 60\
6

Find the lowest common multiple of 16 and 24.
Use repeated division to write as the product of prime factors in index form:
a 44 b 504 ¢ 693

9 A wedding cake is 54 cm x 78 cm. The bride and
groom want it cut into square pieces of equal size.

a What is the biggest size the pieces could be?

b How many pieces of this size could be cut?

10 Find:

a 196 b /-125

REVIEW SET 4B

1 Decide whether:
a 54 is divisible by 9 b 42 is divisible by 4.

2 List the prime numbers between 50 and 70.

3 Determine whether 4536 is divisible by:
a 3 b 4 €5 d 6

& Find the largest number which divides exactly into both 63 and 84.
Find the greatest multiple of 6 which is less than 70.
6 Find:
a 144 b /343

7 Find the highest common factor of:

a 14 and 49 b 84 and 150.
8 Use a factor tree to write as the product of prime factors in index form:
a 48 b 495 ¢ 900

9 Suppose the garbage truck visits your house once every
14 days, and the green waste truck visits your house
once every 10 days. If they both visit your house today,
how long will it be before they are both at your house
on the same day again?

10 Between which two consecutive whole numbers does

\/174 lie?
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OPENING PROBLEM
An abalone diver has a daily catch limit. He catches % of his

limit in the first hour, and i of his limit in the second hour.

Things to think about:
a What fraction of his limit has he caught so far?
b What fraction of his limit is he yet to catch?

A fraction represents a part of a quantity.

Suppose we divide a container into three equal sections. If two of the et
. . . . . \‘-‘—-———_—-—-'-’-/
sections are filled with water, we say the container is two thirds full. ] 2
=== ey
B o
the number of filled parts
— 3

Two thirds is written as = 2
3 «—__the number of equal parts

in a whole

There are three thirds in a whole.

. 1 . . 2 1 3
Notice that 3 of the container is empty. s 4+ el DEMO
1
filled part empty part whole container
of container of container

FRACTION WALL

To illustrate how we can use fractions to divide up a whole quantity, we can use a fraction wall.

Each layer of the wall is divided into different numbers of equal sized bricks. We can see that one whole
can be made up of two halves, or three thirds, or four quarters, or five fifths, and so on.

twelfths

elevenths

| |
12 12 , 12
11 11

==
{
el
=l
&
_—
sl
<l

[)—‘
|
=l
s

—
i

[ 10 l 10 | Tlu' tenths

0
1 | 1 | 1
9 9 9

ninths
eighths

==t

ol—p | H_ -l *;.;’»—-

=

Ll

sl

L

Sl

o=

E s |

ool—
;
3
3

sevenths

-l
]
.
Z
o
N

sixths

fifths PRINTABLE
FRACTION
quarters WALL

thirds

halves

whole
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ZNITT T COMMON FRACTIONS

The fraction “four sevenths” can be represented in a number of different ways:

Words four sevenths

as a shaded region or as pieces of a pie
Diagram @

|
Number line 0 1 1
four sevenths

_.—numerator
Symbolic form —<—bar
"~ denominator

A fraction written in symbolic form with a bar is called a common fraction.

m ) Self Tutor

. 5
a Draw a diagram to represent o

£
12

Can you see
why this is so?

: 2
is equal to %.

b What fraction is represented by: [ | | ?

b There are a total of 12 squares, and 8 are shaded.

8 is shaded.
12

EXERCISE 5A
1 State the fraction represented by the shading:
a b < d

2 Draw a diagram to represent:

a - b - ¢ = d — e - f = g — h -
5 8 7 10 3 20 12 9
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3 Consider the following fuel gauges:

Which gauge shows the tank to be:
a < full b 1 full ¢ — full d 2 full
3 2 10

9 1 2 1
— - sl = 9
e = empty f 5 empty g ) empty h ) empty?

4 Four bottles of soft drink are left in a refrigerator after a party.
A 1 B C D

Which bottle is:
7 1 19
a — full b = full ¢ half full d — full?
10 8 20

5 TThere are 23 goldfish in my outside pond. Of these, nine are gold, seven are silver, five are black,
and two are white. State what fraction of my goldfish are:

a gold b black ¢ silver d gold or silver.

B CTIONS AS DIVISION

When we write a fraction such as 7 the bar indicates division.

3 <—— numerator

3 .
So, 7 can be written as 3 + 4, — <«— bar
) 3 4 <—— denominator
and 3 =4 can be written as 7 enomuna

The numerator 3 is the dividend, and the denominator 4 is the divisor.

n ke X 5 a
The division a < b can be written as the fraction 7

) a . T
The fraction Z can be written as the division a < b.

FROM REGULAR SHAPES

What to do:

1 Click on the icon and print the first page. Consider the three sets of these shapes:  prINTABLE
PAGES

ANOREE
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For the first set of shapes, divide each shape into two equal parts.
Each part is one half of the whole shape.

For the second set, divide each whole shape into three equal parts.
Copy and complete: “Each part is ...... .

For the third set, divide each whole shape into four equal parts.
Copy and complete: “Each part is ...... -

Which shape did you find the most difficult to divide equally? Why?
Copy and divide each of the following shapes into fifths:

@D

Which shape did you find the most difficult to divide equally? Why?

Print out the second page with the six larger shapes. See if you can fold each of the different
shapes to create the fractions described in question 2 of Exercise 5A. Remember that the portions

must all be the same size.

a Which shapes allow you several different ways to fold and create the required fractions?

b Which were the more difficult shapes to create the fractions with?

EXERCISE 5B

Write as a fraction:

a 1+2 b 15 € 47
e 23 f 910 g 96
2 Write as a division:
E b g c E.
5 i 10
e L § 8 1l
11 [ s 12

o) Self Tutor

R 14 L)
Write = as a division and hence as a whole number.

M7
7

=F)

3 Write as a division and hence as a whole number:

a - b
2

8 15
— 4

5 8 10

24 10 16
= d
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| Example 3 | =) Self Tutor

Write as a fraction: a —4-+7 b -8+--9
QR [ b -8+ -9=_0
7 e
&4 Write as a fraction:
a —2+3 b 4+-5 ¢ —6+-—7 d 10+-12
e —11-+22 f —23+-5 g 16+ -8 h —18+2
Write as a division and hence as a whole number: D e ————
a 28 b —12 g =25 like signs gives a positive.
= 3 —4 Division between numbers with
- 19 o8 k unlike signs gives a negative.
— b P c —
—6 3 —4
=18+ -6 =-12+3 =-28+—4
= -3 =4 =7
5 Write as a division:
-1 . i —
a — b — < L d —_ e -
8 —6 -9 -2 6
6 Write as a diviston and hence as a whole number:
2 —_ —_
a 2 b >, < =25 d =%
5 -5 5 -5
2 — —
e _7 f 27 g ﬂ h 27
9 9 -9 -9
7 Write as a division and hence as a whole number:
a E b __15 ¢ __63 d E
-3 3 -7 -7
40 —40 —96 96
—_ f = g — =
—10 10 12 —12

Example 5 ﬂ) Self Tutor The division line of fractions

Write as a division and hence as a whole number: groups both the numerator
28 _ 4 5_7x%3 and the denominator
34 BT like brackets. Evaluate .the

numerator and the denominator
28 — 4 b 5_7%3 first, then do the division.
3 x4 11-9
2 _5-21
= — 7
=24 =12 _ -—16
=2 =550
=—-16=2
= -8
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8 Write as a division and hence as a whole number:

349 20— 2 c 6x8 d 5x6
2x3 1+5 15—-3 4-7
17-3 f 25 -3x5 6 —5x10 3-31
2x3+1 10-8 3+8 2x3—-10

' AND IMPROPER FRACTIONS

A fraction which has numerator less than its denominator is called a proper fraction.

A fraction which has numerator greater than its denominator is called an improper fraction.

1. .
For example: e 7 1S @ proper fraction

TS
+
1o
I
=
+
PN

7. . . i
e - is an improper fraction. i

When an improper fraction is written as the sum of a whole number and a proper fraction,
it is called a mixed number.

7 . . 3
For example, 7 can be written as the mixed number IZ'

Example 6 T
27
Convert to a mixed number: For & we look for the

- a5 largest multiple of 4
a - b — which is less than 27.

5 4

7 5 2 27 24 3
a2 < bl =t 2 ot

5 5 i 5 4 4 i 4

=1+ .2_ =64 E
5
5 4

We can reverse the steps to convert a mixed number to an improper fraction.

m ) Self Tutor

Convert 2% to an 2

ol w
i
[\
+

o] w

improper fraction.

a|& <5
4
o] w

l
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EXERCISE 5C

1 Write as a mixed number:

a 2 b 2 ¢ A d 3
5 4 10 3
2 2
e 3 ¢ 2 g o h 108
6 7 9 10
2 Write as an improper fraction:
1
a 2- b 11 ¢ 22 d 12
2 4 5 8
2
e 2g f 1i g 1E h 42
7 10 16 3

3 Millicent High School has 67 students to be put into basketball teams. Each team has eight players
in it.

., 67 .
a Write 5 as a mixed number.

b How many complete basketball teams can be made?

4 Ella had 15 m of ribbon which she cut into four equal lengths. Express the length of each ribbon
as a mixed number of metres.

Integers are
whole numbers.

The gaps between the integers are made up of an infinite number of points.
Many of these points correspond to fractions.

The position of every fraction can be shown on a number line.

For example, to display the fraction i;’-, we divide the interval from 0 to 1

into 5 equal parts. We mark a dot at the third division going from 0 to 1.

| 1 L

- ; -
0 5 1
Example 8 S
. s 1 4 7 1
On a number line, show the positions of = S 20 and 13'
< | g ' " | & I’ L | =
1 4 1 7
0 3 5 1 Iy 3 2
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EXERCISE 5D

1 Find the fractions represented by the points A, B, C, and D on the number lines:

a b
5 D 4 ¢ 4 T Y. I S
0 = i, ° : S0 i 1 2
< d
| S ¢ B D I - CaD, B
1 2 - @R h 5 s i
2 Draw a number line to display each set of fractions:
a1l 3258 b & 2 71 ¢ 32 41 3
565 5 5 373 3 3 4" 4 4 4
g 1 123 9 e L 8 5 3 ¢ 15,2 41 5
10° 107 100 10 A K7 i 7 6 6 6

) Self Tutor

g . 4 2 1
Draw a number line to display: -, ==, =, é
3 & BB
_4 _2 1 4
e O e P il
-1 0 1
3 Draw a number line to display:
1 2 3 4 3 1 5 3 2 5 15
a T = T T b T T s T T T C 5 = Sy T
5 55 5 4 47 4 4 3 3 373

4 Draw a number line to display each set of fractions. Hence order them from least to greatest:

2 3 1 1 1 .1 6 1 4 .2 2 1 2
a -, —, = I b _1_‘ 2_5 = Ty c -, 1—5 o' ar o
4 4" 4 4 2 2 22 37 3 3 3" 3

E | QUAL FRACTIONS AND SIMPLIFYING

Two fractions are equal if they have the same numerical value. They are located at the same point on
the number line.

EQUAL FRACTIONS

12

. . 4
From the fraction wall on page 98, we saw that one whole can be written as ;, g, T T

By using the lines that divide each row, we can identify fractions that are equal in size.
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. . . 1 :
For example, by using this fraction wall we can see that 5 can also be written as

2 3 4 5 6
T T 59 a0 or —.
4" 6" 8 10 12
_i.lilLl_L[Ll-l_ _l_[.!_lL[_l_lLlL
12 | d2 | 12 12 12 12 1 12 12 12 12 12
_I_IL|_1_]1_|L 1 L|-1_|1|L|L
11 il 11 11 11 11 11 11 11 i1 11
BENEACEEAENENENENE:
10 10 i] 10 10 10 10 10 10 0
Y
g 9 9 i [ o 9 j
S O S Y O I Y s
B 8 8 8 8 8 5 8
1 I 1 | 1 l ] | 1 | 1 l oy
T 7 7 4 T 7 7
1 I i | 1 1 I 1 | 1
G G G (i [ 6
b | & | I 1 | 1
5 5 5 5
Y I 1 1 | 1
4 i i 4
1 ] | 1
3 3
1 1
2 2

1 Use the lines on the fraction wall to identify fractions that are equal to:

1 1 5 8 4
a - b - € = d — e — f
3 5 6 12 10

| o™

2 How can we find equal fractions without using a fraction wall?

3 Find the fractions equal to 1%05 that appear on the fraction wall.

From the previous Activity, we can sec that:

We can convert a fraction to an equal fraction by multiplying or dividing both the numerator and
denominator by the same non-zero number.

X 2\ Ve 4\

1 2

For example, 2 0 and o
6 12 12 3

N\ 2/ \+ 4/

%) Self Tutor

Write % with denominator 32.

%8
To convert the denominator to 32 we need to multiply by 8. 3/_ ;‘4
We must therefore multiply the numerator by 8 also. 4 32

N\ 8/
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EXERCISE 5E.1

1 Determine whether the following pairs of fractions are equal:

4 8

a -, —
5’ 10

1
35

3

8

6 2
15° 5

2 Which of these fractions is equal to %?

6

— B
12

9
16

15
20

3 Use a fraction wall to find two other fractions equal to:

a 1 b
4

3

4

L Write with denominator 12:

a b

1
4

2

3

5 Write with denominator 20;

a E b
5

SIMPLIFYING FRACTIONS

3

4

2
¢ =
3

13
10

16
24’

o

24
40

N ©

26
40

30
36

20
24

36
80

We can simplify a fraction by removing common factors in the numerator and denominator.

When a fraction is written with the smallest possible integer numerator and denominator, we say it is

in lowest terms or simplest form.

We can simplify a fraction by either:

e writing the numerator and denominator as the product of factors and then cancelling common

factors, or

e dividing the numerator and denominator by their highest common factor.

S

Simplify:
g2 b 2 100
21 84 90
L b 5 100
21 ! 84 90 :
_1xx _ 36+ 12 {HCF of 36 _ lox)a
3%y 84+ 12 and 84 is 12} 9 x 10,
& =5 9
EXERCISE 5E.2
1 Write in simplest form:
a § b E c i d é e i f i
9 8 10 6 12 15
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2 Write in simplest form;

18 16 18 20 11
a — b — ¢ — d — e —
24 20 21 25 33
21 14 1 32 36
¢ 2 g U h LB b 22 j
30 35 27 50 96
3 Write as an improper fraction in lowest terms:
6
a - b i < 16 d =,
4 6 10 8
2 4 4
20 ¢ 3 g ¥ h 28
12 30 36 44
Example 12 | <) Self Tutor
The fraction bar acts to group the
Write 12 -2x4 in simplest form terms in the numerator and the
17+3 i terms in the denominator.
Evaluate the numerator and the
12-92x4 (12— 2 x 4) denominator first, then do the division.
174+3  (17+3)
_(12-8)
20
_ 4
20
!
5

h  Write in simplest form:

3x2 b 5+3 ¢ 6+4 d 18+3x4
13-4 84+2x2 5+3x5 7+ 11

ONE QUANTITY AS A FRACTION OF ANOTHER

When we compare quantities in the real world, we can write them as fractions with the quantities in the
same units. We then simplify the fraction into its lowest terms.

| Example 13 | =) Self Tutor

Write 80 cents as a fraction of $3.00.,

Give your answers
in lowest terms.

80 cents
$3.00

80 cents
"~ 300 cents
8020
300+ 20
4

T

The fraction is
{$3.00 is 300 cents}

{the HCF is 20}
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EXERCISE 5E.3
1 Write:
a 7 kg as a fraction of 35 kg
¢ $27 as a fraction of $45
e 75 m as a fraction of 400 m

2 Write the first quantity as a fraction of the second quantity.

Do not forget to write the quantities in the same units,
a 200 m out of 1 km

8 days out of 2 weeks

75 cm out of 2 m

60 cents out of $1

400 g out of 2 kg

8 hours out of 3 days

- 0 0 an O

3 What fraction of one hour is:

a 20 minutes b 15 minutes

4 What fraction of one day is:

a 3 hours b 4 hours

5 Nicky scored 21 marks out of 30 for her mathematics test.

What fraction did she get correct?

6 Enrique spent $3 on a drink and $5 on a sandwich. What

fraction of $20 did he spend?

7 Jo used 450 g from her 800 g packet of wool to knit a shawl.

What fraction of her wool did she use?

b 3 hours as a fraction of 15 hours
d 45° as a fraction of 360°

f 13 cards as a fraction of 52 cards.

1 km = 1000 m
1 week = 7 days
1 m =100 cm
$1 = 100 cents
1 kg =1000 g
1 day = 24 hours
\_1 hour = 60 minutesj

¢ 24 minutes?

¢ 16 hours?

To compare fractions, we must first write them as equivalent fractions with the same
denominator. We usually choose the lowest common denominator or LCD, which
is the lowest common multiple of the original denominators. Once we have done

this, we can then compare the numerators.

L 4
Which is greater, s or g?

o) Self Tutor

Convert the fractions so
they have the same lowest
common denominator.

The LCM of 5 and 9 is 45.
the LCD is 45.

4 4x9 36 7 T7x5 35
— = =" and -—= = —
5 &§x9 45 9 9x5 45
36 _ 35 4 7
Now —>—, so —->-—
45 = 45 5 9
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EXERCISE 5F

1 Determine which fraction is greater:

3 4 1 2
a - or — b = or = € - or —
3 8 5 7 6 11
7 19 7
d — — e 2 o3 f — or .
10 25 11 4 12 16
2 Replace O with > or < to make the following statements true:
2
a 23 b 3p3 518
3 4 5 9 6 18
2 11 11
d 2n? e L2 =g
11 7 25 5 16 10
. . 2 57 11 .
3 Write the fractions T8y and = in order from smallest to largest.

In the diagram opposite, we see that:

1 2 :
3 o 3 of the square is blue
i of the square is red
1 A
7 of the square is unshaded.
. 1 1 2 1
The total amount shaded is > of the square. So, —+-==-+4+-= 3
4 2 4 4 4 4
.1 3 4 3 1
The total amount unshaded is i of the square. So, 1-— ARSI AR

To add or subtract fractions:
e If necessary, convert the fractions so they have the lowest common denominator.
e Add or subtract the new numerators. The denominator stays the same.

=) Self Tutor

: %ol 2 7
Find: ag+z b §+§
Al o
2x4 1x5 2x8 7
==——+— {LCD=20} =5ty {LCD=9}
8 5 6 7
“w =37%
1 _1
T 20 T 9
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When adding or subtracting mixed numbers, you should first convert them to improper fractions, and
then perform the operation.

=) Self Tutor

Find 2211,
3 4
21 =l 1 Give your answers
3 4 in simplest form.
= % = % {converting to improper fractions}
_7x4 5x3 {LCD = 12}
3 x4 4x3
_ 28 15
DD
_28-15
1D
13
T
T
T 12
EXERCISE 5G
1 Find:
2 1 3 1 4 5 19 3
a =+= b - —--= € =+ = d ——-
3+3 5 5 7+7 4 4
7 4 1 5 3 7 7 9
e - — - f 24+ 24 - —— h 1+—-——
3 3 6+6 g +8 8 +10 10
2 Find:
1 1 9 3 1 1 3 3
a ~+- b ——= € === d 24+2
4+8 10 5 2 3 4+5
5 2 3 1 7 2 1 5
e = f 2= e h —+2°2
¢ i 3 4 6 s 6 3 8+12
1 6 3 7 16 1 3 1
P38 j 24X Kk 21 y o1
14 7 15 20 9 6 10 8
3 Find
a 2-1% b 32 ¢ 3211 d 124112
4 3 2 7 14
4 9 1 {5) 2 5 3 7
e 3- —2— f 1-+2= 4= — 3= h 3= +2-
5 10 9+ 6 s 3 6 4+ 8
4 TFind:
4 5 1 3
a the sum of E and = b the number 15 more than 3

1 .
¢ the number g less than % d the difference between 41—% and 2%.
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-

\ULTIPLYING FRACTIONS

N

Philippa has baked a rectangular slab of pizza.

She gives % of the pizza to her husband James to take to work

for lunch.

wi

wl=

3 .. .
James cats o of the % of the original pizza.

3
The word “of” means we are multiplying, so James eats 4
3 X 2 of the pizza.
4 3 —
2
3
To illustrate this, we divide each third of the pizza into 4 equal parts. We now have DEMO

12 parts in total. We then shade 3 out of every 4 parts of James’ picce. We see that
he has eaten 6 of the 12 parts of the original pizza. This is 1%— or %

3 2 6 1
So, SxZ=—2=2=
473 12 2
To multiply two fractions, we multiply the two The number on top
numerators to get the new numerator, and multiply is the numerator.
the two denominators to get the new denominator. The number on the bottom

is the denominator.

7\

axc__aXC
b d bxd

To help make multiplication easier, we can cancel any common factors
in the numerator and denominator before we multiply.

For example, for James’ pizza 3 X B —lgle— 1
p1es przza, 7 %3 WAxF 2
Example 17 | <) Self Tutor
Find: [Convert mixed numbers toJ
improper fractions first.
a ] % g b A X % ¢ - X 1z BE
11 5 9 5 8
a ) X 3 b 4 X L) < 2 X 1z
11 5 9 5 9 8
_ 2x3 _4ax3' LA x 150
~11x5 A x5 S X8,
_ 6 . 4 - E
55 T 15 6
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[13

Example 18 B Selt Tutor|
Find: a 2of9 b o of2
3 4 5
a 2><9 b 1><g
3 4 5
I
2,9 _1x2
SR WA X5
_2x9‘3 1
T8 x1 - 10

EXERCISE 5H

1 Find:

[

=lw ol ol
X X
Wi Wl

o
=
N =

X

X
Nl on) e

D= N

—

Wl
X

AN

2 Evaluate, giving your answer in simplest form:

a 341
4 3
e 3oroa

4

3 44
i - x=

11 9

3 Find the product of:

X

Wi o~
X
Bl Wl
X X
N N -

5 Find:
a five eighths of 40

b

W WIN N =
X X
Bl win

=]

=N

—
win

b

1
5= and —
2 11

o|lw Wl
X X

Wik win
X X

[SY I RN U

four ninths of 45

olor Wl wln

Nl oot o]

X
wlN

=]
N
[

of 3

The word
“of” indicates
we multiply.

X

X
win ol =

4
3
5
3

w

N =
X
[\]

Ny

~Nl© w|lw o
o X X
H':

—  ©lN el

[=

] and 28
7

X
X
~N|w

N—= wiN
X
[S 1 [T "N I
X
w

three fifths of 3%
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BB RECIPROCALS

Two numbers are reciprocals of each other if their product is one.

Sl RS
X
Qo
Il
=

For any fraction %, we notice that

So, the reciprocal of % is 2.
a

To find the reciprocal of a mixed number, we must first convert it to an improper fraction.

Example 19 ) Self Tutor

Find the reciprocal of 1-2—.

13 . . .
1% = 5 {converting to an improper fraction}
; 13 .
The reciprocal of LENTR-
8 13

the reciprocal of 125 2,
8 13

EXERCISE 51
1 Find the reciprocal of:

a § b g C E d é e § f E
4 3 6 7 3 5
2 Find the reciprocal of:
a 12 b 22 ¢ 2% d 48 e 17 t 52
2 3 5 4 8 6
3 Find the reciprocal of:
a -2 b -1 ¢ == d -2 e —11 f o2
4 3 6 5 8 5

S * DIVIDING FRACTIONS

To understand the division of fractions, we need to first understand what it means to divide whole
numbers.

To find 6+ 2 we ask the question: How many twos are there in six?

@ (@ o) (0 o) The answer is 3,50 6+2 =3,

We can divide fractions in the same way.
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1 . R
For example, 3+ 5 may be interpreted as: How many halves are there in three?

@ @ @ The answer is 6, so 3+%=6.

However, we know that 3 x 2 =6 also, which suggests that dividing by % is the same as multiplying

by its reciprocal, 2.

Now consider dividing half a cheese equally between 3 people.

Each person would get % of the whole, DEMO
1
so = +3= £
2 6
But Iy L. also.
2 3 6

This also suggests that dividing by a number is the same as multiplying by its reciprocal.

To divide by a number, we multiply by its reciprocal.

=) Self Tutor

Find: a E—z b 11,3t
4 3 3 2
a 2.2 b 1.3l
4 3 3
_5.3 {multiplying by _ 4.7 {converting to
472 reciprocal} T3 2 improper fractions}
_5x3 4 2  {multiplying by
— = = X = .
4x2 357 reciprocal}
— 1—5- — 4 x2
= T 3x7
-
-l
EXERCISE 5J)
1 Find:
a 3.1 b 2.1 g 5.9 d 2.2
4 4 3 3 2 2 5 5
2 Find:
a 251 b 2 + 1 c 3.2 d 2 +3
3 2 5 6 5 3 5
3 Find:
a 2.0 b 11:1 ¢ 2.1t d 2:3
8 3 2 10 2 6
e é+8 f 21+1§ g 33—1E h 2-3-—2
5 2 4 10 6 4 3
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4 Find:

a the average of Z and g b the quotient of 1% and

When we enter operations into a calculator, it automatically uses the BEDMAS rules. However, we need
to be careful with more complicated fractions because we need to divide the whole of the numerator by
the whole of the denominator. To make sure the calculator knows what we mean, we insert brackets

around the numerator and the denominator.

5+
3—-1°

For example, consider the expression

If wetypein 5 6 E 3 B 1, the calculator will think we want 5+ g -1,

us the wrong answer.

3

E¥ALI.IATING FRACTIONS
'USING A CALCULATOR

and so it will give

(5+6)

We need to insert brackets around both the numerator and denominator, giving G-D

We type in 56E]3E|1.

Find the value of: a ——

1)’

x) Self Tutor

5+7  (547) —4

6—-3 (6-—3)

Calculator: 57E6E|3E

b 3x6+2  (3x6+42) 1

4x2 (4x2) "2

Calculator: 362E4E2E

EXERCISE 5K

1 Evaluate the following, then check your answer using a calculator:

a 842 p 3416 ¢ 9-2 d
8 8 12
15-38 8 5
—_ f - - — h
4410 . 4—,—10 s 3+10+6

2 Evaluate using a calculator:

3x441 b 45 —-2x 3 18 x 6+ 17
30 -4 15-2 5 x (8 —3)
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U PROBLEM SOLVING

In this Section we see how fractions are applied to the real world. They can describe a part of a quantity
or a group of objects.

For example, % of 12 coins is 9 coins ﬂ‘” e‘!’ Q‘” &@ &m? &“9
and Sx12=3%2"_g € @0 @ | &9 Go go
4 Ax1 — — - —
. o3 3
Find = of $85. 3 of $85
3 85
=5x87
_3x 8517
i 1,5' x1
= §51

EXERCISE 5L

1 Find: a % of $63 b %of35 kg.

2 Julie owes Grace % of €135. How much does she owe Grace?

o . . 3 .
3 In a test consisting of 60 questions, Tim answered 1 of the questions correctly. How many
questions did Tim answer correctly?

4 The price of a shirt is 135 of the cost of a suit. If the suit costs $375, find the price of the shirt.
5 Kate cooks % of a bag of pasta for dinner. What fraction of the bag of pasta remains?

tuneic 2 sl Tutor

Rob eats % of a watermelon one day and % of it the next day.

What fraction of the watermelon remains?

The fraction remaining

=1-=—-= {from the whole we subiract the fractions eaten}

{LCD of 3 and 8 is 24}
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3 .
6 Workers at an office eat = of a cake at moming tea and

3 . R .
B of it at afternoon tea. What fraction of cake remains?

7 In a basketball game, Jacob gets g— of the rebounds and

Adam gets of the rebounds for their team. What

fraction of the rebounds did the rest of the team get?

of his

driveway. What fraction of the driveway must he pave on
the third day to finish the job?

8 Over 2 successive days Toby paves 1—3;) and —

How many meals are in 12 tins of cat food?

2 .
Carla the cat eats 3 of a tin of cat food for each meal.

To answer this, we ask
“How many lots of two
thirds are there in 12?”

Number of meals = 12 =~ 2
E
1
b1r %3
I'x 2,

X

Nl W

=18

9 60 kg of pine nuts are poured into packets so that each packet contains g kg of pine nuts.

How many packets will be filled?
10

11

12

3600 L of water are poured into bottles which hold 1% L each. How many bottles will be filled?

John says that his income is now 35 times what it was 20 years ago. If his current annual income

is $63 000, what was his income 20 years ago?

Tony’s orange tree produces a large number of oranges. He keeps one third of them for himself,
and shares the rest between his four children. What fraction of the total number of oranges does

each child receive?

A tangram is a puzzle consisting of the seven shapes
shown.

Using identical square pieces of paper, make two copies
of this tangram. Number the pieces on both sheets. Cut
one of the sheets into its seven pieces. Use the pieces
to help you work out the following:

1 How many triangles like piece 1 would fit into the
overall square tangram?

2 What fraction of the tangram is piece ¥?

TANGRAMS
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3 What fraction of piece ¥ is piece 3?

g . . TANGRAM
4 What fraction of the tangram is each piece?

Research: Using the internet, find different shapes which can be made using
the pieces in a tangram. Can you make these shapes?

KEY WORDS USED IN THIS CHAPTER

e common fraction e denominator e fraction
e fraction wall e improper fraction e lowest common denominator
e lowest terms e mixed number e numerator
e proper fraction e reciprocal e simplest form
— _n ;
1 State the fraction represented by:
a b
2 Write as a division and hence as a whole number:
20 4+ 16 b 5x 10 o 5—2x13
4x3 13 -11 3+4
L. 3 24 4
3 Write in lowest terms: a — b — c ]
18 44 25
. . . i % 1 8
& Display using a number line: -, = 12, =
5 5 5 5
. . 2 3 5
5 Write as a mixed number: a —32 b ?8 < ?3
. . 3 5
6 Which number is larger, g or 1—2?
. O
7 Find O such that: a dg D b Lo < e D
7 28 40 8 3 18
. 5 1
8 Find the product of e and 15.
9 Find:
2 7 2
a 242 Oy ol = 2 ¢ 308 d 13x2
3 5 8 3 5 4 4

10 Use a calculator to find:

2x3+14 b 3+7—2
5x8 5
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11 Only g of a class brought lunch to school yesterday.
If there are 24 students in the class, how many brought
lunch to school?

12 What fraction of a roll of fabric is left if % and %

of it is used to make dresses?

REVIEW SET 58 B -

1 Aaron is cooking sausages on a barbecue. Four are chicken, seven are beef, six are pork, and
three are lamb. State what fraction of Aaron’s sausages are:

a beef b chicken ¢ beef or lamb.

2 Write %ff as a division and hence as a whole number.
. . q 1
3 Write as an improper fraction: a 11% b 73.
- 1
4 What number is = less than 25?

5 Find the fractions represented by the points A, B, and C:

C A
=1 | L 1 5 1 l L 1 1 I l t ] 1 L l 1 : i .
-1 0 1 2
. . 9§ 35 64
6 Write as an improper fraction in lowest terms: a B b e
7 Find:
4 6 2 1 7 4 3.2
=X = b =4 - € - —- d -+=
@ 5 7 3 i 6 4 5 g8 3
1 4 2 2 5 7 3
e 3-+2-= f - x2= 5= — 1= h 2— +3-
a 7 3 9 9 10 4

8 Find the reciprocal of 3%.

9 Write 30 kg as a fraction of 105 kg.
10 350 kg of plastic is moulded to make garden pots

weighing 1% kg each. How many pots are made?

11 Cheryl ate % of her block of chocolate yesterday and
i of it today. What fraction of the block remains?

39+-3+2

12 Simplity ———
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OPENING PROBLEM

The table alongside shows the results of a 400 metre race. Stan Runner | Time (s)
was the winner. His time is given, and the other results show how

il Kevin beat Tyson?

) - . X 1 | Stan 51.47
much longer it took §ach of the remaining competitors to finish. For 2 | Colin 1022
example, Duncan finished 1.92 seconds after Stan. 3| Henry 4158
Things to think about: /™ Duncan +1.92
a What was Bradley’s time? 5 | Bradley 42.07
b By how much did: 6 | Kevin +3.58
i Colin beat Henry 7 | Tyson +4.31

8

William +-4.85

Decimal numbers are widely used in everyday life. We see them frequently in situations involving money,
and in measurements of length, time, and weight.

CEER@ 0 DECIMALS ALL AROUND YOU

In pairs, list examples of where you have seen decimals:

e at home e on the news e at school
e in sport e at the shops.

PLACE VALUE

The number system we use today is a place value system using base 10. In this chapter we see how
the place value system is extended to include parts of a whole.

If we restrict ourselves to fractions where the denominator is a power of 10, we can use the place value
system to represent both whole and fractional numbers.

We introduce a symbol called a decimal point to separate the whole number part from the fractional
part.

. 2 4 5
For example: 731.245 represents 700+ 30+ 1+ T + 008 TG00
24.059 represents 20+4+ 0 + S .9
) P 10 100 © 1000

When written as a sum like this, we say the number is in expanded form.

We normally leave out the + 1—% as it has no value. However, it is very important to include the 0 in the

decimal number, as it makes sure the 5 and 9 are in the correct place values.
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The place value table for 731.245 and 24.059 is:

hundreds | tens | units tenths | hundredths | thousandths
731.245 7 3 1 2 4 5
24.059 2 4 0 5 9

When a decimal number does not contain any whole number part, we write a zero in the units place.
This gives more emphasis to the decimal point.

For example, we write 0.75 instead of .75.

| Example 1[N

I

Write in expanded form: 7.802
7.802 =17 + — + m
| Example 2 | =) Self Tutor
Write in decimal form:
— + m b 4 + = + m
—+— 0.37 b 4+ 2+ -5 —4906
100 10 ' 1000
EXERCISE 6A
1 Write in expanded form:
a 4.2 b 7.53 ¢ 9.18 d 3.03
e 0.234 f 1.059 g 5.0061 h 0.00071
i 2.501 j 0.0771 k 11.912 I 0.0101
2 Write in decimal form:
W 1 5] 5 4 9
a — b —+— € — 4+ —+—
10 10 100 100 1000
d 2 1.5 g S 7
100 1000 100 1000
g & & 3,9 j 8, 1,5, 5
100 1000 1000 10000 0 100 1000 10000
| Example 3 | =) Self Tutor
Write in decimal form: AGOK
1000
65 _ 60 5
1000 1000 1000
PRUGIN o8
100 1000
= 0.065
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3 Write in decimal form:

71 13 54 267
a — b — ¢« — d —
100 100 100 1000
506 97 803 22
e — f — g —— h —
1000 1000 1000 1000

| Example 4 | =) Self Tutor

State the value of the digit 3 in 0.5632
IR
T o s . the 3 stands for 2.
4 State the value of the digit 7 in:
a 1723 b 3.7128 ¢ 23.07 d 88.0672
e 0.8713 f 73066 g 81.794 h 3182.796

| Example 5 | =) Self Tutor

1 . .
Express 4 23 in decimal form.
1000

You should be
able to see how to
do this in one step.

137 100 30 i
N
1000 % 1000 ¥ 1000 i 1000
1 3 7
=44 — 424
as 10 2 100 i 1000
=4.137

5 Express in decimal form:

a 75 b 357 ¢ 1217 d 2.2
10 100 100 100
461 1 7
iy f 62 g 2L h 3
1000 1000 1000 10000

. 0 . 2

i 5 39 i 7 203 k 721 | 3723
1000 10000 100 1000

Our understanding of decimals and the place value system allows us to convert between decimals and
fractions.

CONVERTING DECIMALS TO FRACTIONS

To convert decimals to fractions, we first write the decimal as a fraction where the denominator is a
power of 10. We then write the fraction in simplest form.
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Example 6

o) Self Tutor

Write as a fraction in simplest form:
a 0.8 b 3.88 ¢ 0.375
a 08=2 b 3.88=3+ = ¢ 0375=05
10 100 1000
5 25 8

CONVERTING FRACTIONS TO DECIMALS

Many fractions can be written so that the denominator is a power of 10. To do this we can multiply the
numerator and denominator by the same value. It is then easy to write the fraction as a decimal.

Example 7

») Self Tutor

Write as a decimal:
7 41
T ® %0
7 _ 7x5  {write with b AL _ 41x4 {write with
20 20x5  denominator 100} 250 250 <4  denominator 1000}
_ R 164
100 1000
=0.35 =0.164
EXERCISE 6B
1 Write as a fraction in simplest form:
a 0.7 b 04 c 1.1 d 26
e 0.19 f 029 g 0.25 h 0.16
i 0.85 j 0.96 k 015 I 0.05
m 0.07 n 3.13 o 5.08 p 7.55
2 Write as a fraction in simplest form:
a 0.101 b 0.046 0.008 d 0.205
e 0.125 f 0.0004 g 0.146 h 0.875
i 0.0005 j 0.0075 k 1.375 I 4.076
3 Write as a decimal:
a 1 b § C E d l
2 5 20 4
50 20 25 50
. 31 . 103 14 207
i — i — k = I —
250 200 25 500
19 2 5 7
m — n — o - p —
20 125 8 40
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We are often given measurements as decimal numbers. We usually approximate the decimal by rounding
off to a certain number of decimal places.

IDING DECIMAL NUMBERS

=

RULES FOR ROUNDING OFF DECIMAL NUMBERS

The rules for rounding off decimal numbers are the same as those for rounding whole numbers.

e If the digit after the one being rounded is less than 5 (0, 1, 2, 3, or 4) then we round down.
e If the digit after the one being rounded is 5 or more (5, 6, 7, 8, or 9) then we round up.

%) Self Tutor

Round 2.117347 to 3 decimal places. When we round to 3 decimal
places, the final answer has 3
The digit in the fourth decimal place is 3. digits after the decimal point. | ‘
We are rounding to the nearest
Since 3 is less than 5, we round down. thousandth. } { )]
2.117347 ~ 2.117 (to 3 decimal places) '}.“N
EXERCISE 6C
1 Round 4.76908 to:
a the nearest whole number b 1 decimal place
¢ 2 decimal places d 3 decimal places.
2 Round 23.0599 to:
a the nearest whole number b 1 decimal place
¢ 2 decimal places d 3 decimal places.
3 Round 8.04239 to:
a the nearest whole number b the nearest tenth
¢ the nearest hundredth d the nearest ten thousandth.

4 Graham’s batting average is calculated as 42.7165. Round
this to two decimal places.

5 This year Aludra Gold made a profit of 127.647 million
dollars. Round this to the nearest million dollars.

6 Rhys scores an average of 5.234 goals per game for his
waterpolo team. Round this to one decimal place.

7 Vicki calculates the interest due on her savings account to
be $57.2894. Round this to the nearest cent.

8 Use your calculator to write the following fractions and roots as decimal numbers. Round your
answers to 2 decimal places.
_§- 10 613
23 7 32

=
9
e V3 f V43 g V74 h /106
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\CING DECIMAL NUMBERS
~ ON A NUMBER LINE

When placing decimal numbers on a number line, we generally divide each segment of the number line

into ten equal parts. Each of these parts is Tlﬁ of the segment. If we divide each of the tenths into

10 equal parts, then each part is ﬁ of the segment.

Example 9 o) Self Tutor

Place the values 2.1, 2.45, and 2.81 on a number line.

We divide a number line from 2 to 3 into ten equal parts.

- | & 1 1 L

- & o I L 1 I_ 1 I =
2 /4 f 2.5 »\ 3
2.1 is placed 1—10 2.45 lies half-way 2.81 is placed to the
to the right of 2. between 2.4 and 2.5 right of 2.8, % of the
way between 2.8 and 2.9.
EXERCISE 6D
1 Write down the measurements indicated on the following devices:

° T

T T i ! ‘i'ﬁlﬁﬁ\!‘;‘%:é'ﬁlﬂ|i‘lhht\:‘nﬂlll»tuui ¥ )

¢ d

kilograms

2 Write down the value of the number at point A:

. | I A | ° A
6 i 47 i 48
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< - 1 ' I A I} 1 L é L L l_..r_ d - | i L 'i\ Il 1 L i ! I} | >
3.7 3.8 1.95 1.96
¢ +| i }5\ i L L I i 1 I |, f .=_| i 1 i /} 1 i L i i | >
0.04 0.05 04 0.41

3 a Place the values 1.4, 1.06, 1.66, and 1.89 on a number line.
b Place the values 0.7, 0.35, 0.82, and 0.11 on a number line.

4 Draw a number line to illustrate the following times: 53.4 seconds, 61.9 seconds, 57.1 seconds
and 63.2 seconds.

>

—

5 ~ COMPARING DECIMAL NUMBERS

Consider the decimal numbers 5.342 and 5.37. Is 5.342 larger or smaller than 5.377

Both numbers have 5 wholes and 3 tenths: 5.342 5.37
However, 5.342 has 4 hundredths,
whereas 5.37 has 7 hundredths: 5.342 5.37

Since 4 < 7, we conclude that 5.342 < 5.37.

) Self Tutor

Write in order from smallest to largest: 8.66, 8.6, 8.606

We can write zeros at the
We write the numbers with the same number of decimal places: end of decimal numbers

8.660 8.600 8.606 without changing the
place value of the other
digits. This can help us to
8.660 8.600 8.606 compare decimal numbers.

The numbers each have the same whole number and tenths place:

The digits in the hundredths place are not all the same:
8.660 8.600 8.606
So, 8.66 is the largest number.

To order the remaining numbers we look at the thousandths place:
8.600 8.606

So, 8.600 < 8.606.
From smallest to largest, the numbers are 8.6, 8.606, 8.66 .

EXERCISE 6E

1 Insert >, <, or = between these pairs of numbers:
a 0.339, 0.393 b 5.05, 0.55 ¢ 0.6, 0.60
d 262, 2.6 e 039,04 f 12.121, 21.121
g 0.123,0.132 h 250 015 i 2.4, 2.400
1000

i 0.902, 0.209 ke 0.00876, 0.0876 I 3.20, 3.201
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2 Write in ascending order:

a 1.36,1.3, 1.036 b 8.76, 8.67, 8.6 ¢ 0.5, 0.495, 0.052
d 32.7, 32.71, 33.17 e 8.066, 7.999, 8.1 f 6.304, 6.043, 6.403, 6.34
g 9.1, 9.09, 9.2, 9.009 h 0.9, 0.09, 0.99, 0.099

3 Patricia’s best four times for a 100 m sprint are 16.98 seconds, 16.91 seconds, 17.19 seconds, and
17.1 seconds. Place these times in order from fastest to slowest.

4 On Monday the Euro could be exchanged for 1.3537 US dollars. For the rest of the week, the
exchange figures were: Tuesday 1.3571, Wednesday 1.3602, Thursday 1.3519, and Friday
1.3578.

a Place these exchange rates in order from highest to lowest.

b On which day was the exchange rate: i highest ii lowest?

G AND SUBTRACTING
DECIMAL NUMBERS

When adding or subtracting decimal numbers, we write the numbers under one another so the decimal
points line up.

When this is done, the digits in each place value will also line up. We then add or subtract as for whole
numbers.

le 11
Examp eyl =) Selt Tutor We write a 0 on the
Find: 1.76 + 0.961 end of 1.76 so that
both numbers have
the same number
1.760 ;
of decimal places.
4+ 0.961
il
2.721
Find: a 3.652—2.584 b 6—0.637
5 14 12 5 9 9 10
a 3.88B2 b B.80 4
- 2.5814 — 0.637
1.068 5.363
EXERCISE 6F
1 Find:
a 0.2+4+0.7 b 06+0.33 ¢ 0.12+1.57 d 0.17+42.36
e 09+0.23 f 13.56+6.073 g 13.79540.015 h 0.071+0.477

i 0.0048 + 0.659 j 12.66+1.302 k 0.23+0.78+3 I 027+3.18+1.79
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9

Find:

a 28-05 b 3.29-1.16

e 1.6—-0.9 f 1-0.99

i 7.2-0.65 j 0.083 —0.0091
Add:

a 29.63, 127.98, and 2.45

¢ 21.38, 279.34, and 10.629
Subtract:

a 7.529 from 19.436

¢ 12.118 from 18

b
d

A 2 kg bag of coffee is poured into four smaller bags.
The weights of three of the bags are 0.475 kg, 0.81 kg,

and 0.59 kg. Find the weight of the fourth bag.

A cat jumped 1.8 m from the ground onto a fence,
a further 0.95 m onto the garage roof, then another
1.52 m onto the house roof. How high is the house

roof above the ground?

How much change would be left from a $50 note if
you purchased items costing $13.79, $5.25, $23.75,

and $3.467
Taxation £507.90
Superannuation £153.40
Private Health Cover £24.62
Union Fees £14.82

Answer the Opening Problem on page 122.

3.0299 — 0.0271 d 1.5-0.8
3.27 - 1.98 h 1.01-0.0026
7.21-0.75 I 1.1-0.1234

17.55, 307.2, and 498.92
9.77, 11.7, 108.54, and 0.28

15.87 from 21.31
8.135 from 57.2

Each fortnight Claire is paid £1356.28 less the deductions
given in the table alongside. How much pay does Claire
keep each fortnight?

COSTLESS SHOPPING

In thls Activity, you will try to estimate how much a selection of items at a supermarket would cost.
What to do:

1
2

With a friend, nominate 10 items you wish to buy.

Each of you should write down estimates for
the price of each item.

Go to the supermarket together. As you walk
through the store, write down the actual prices
of each item on your list.

Find the difference between your estimate and
the actual price for each item.

a Compare your results with your friend.
Who was closer to the actual price for
cach item?

b Tally the number of items for which you were closer to the actual price. Who has the better

estimates?
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¢ Total the actual prices for all items and the estimated prices for all items.
i Find the difference between the totals.
il Compare your result with your friend again. Who was closer to the actual total price?

5 Repeat this Activity for other shops, such as electrical or variety stores.

MULTIPLYING BY POWERS OF 10
Consider multiplying 2.36

. 1 ; 10
e by 100: 236 x 100 = 220 , 190 e by 1000: 2.36 x 1000 = 220 2290
3600 1 366 ¢ 1
— 236 — 236 x 10
— 2360

When we multiply by 100, the decimal point of 2.36 shifts 2 places to the right.
236 becomes 236.
When we multiply by 1000, the decimal point shifts 3 places to the right.
2.360" becomes 2360.
When multiplying by 10™ we shift the decimal point n places to the right.

The number becomes 10™ times greater than it was originally.

Remember 10! = 10

10% = 100 The. ln('lex or ~ A7\
3 power indicates the
10 = 1000 number of zeros.

10* = 10000

m ») Self Tutor

Find: a 9.8x10 b 0.0751 x 100 ¢ 13.026 x 10000

a 9.8 x 10
=078 x 10 {10 = 10", so shift the decimal point 1 place right.}
=98

b 0.0751 x 100
= 0.0751 x 10 {100 = 10?, so shift the decimal point 2 places right.}
= 7.51

c 13.026 x 10000

= 13.0260'x 10* {10000 = 10, so shift the decimal point 4 places right.}
= 130260
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EXERCISE 6G.1
1 a Multiply 3.271 by:
i 10 ii 100 ili 1000 iv 107
b Multiply 7.6 by:
i 10 ii 1000 iii 10* iv 108
2 Evaluate:
a 27x10 b 4x100 € 22x10
d 16.4 x 1000 e 0.2x10 f 0.79 x 100
g 8.1 x100 h 0.5 x 100 i 1.67 x 10*
j 0.036 x 108 kk 0.00761 x 104 I 0.338 x 100000

DIVIDING BY POWERS OF 10

Consider dividing 3.7

o by100: 3.7+ 100= 37 . 100 e by 1000: 3.7 1000 = 37 - 1000
10 1 10 1
w1 w1
10 100 10 1000
37 37
~ 1000 ~ 10000
— 0.037 — 0.0037

When we divide by 100, the decimal point in 3.7 shifts 2 places to the left.

003.7 becomes 0.037.

When we divide by 1000, the decimal point in 3.7 shifts 3 places to the left.

Find: a 04-+10 b 0.18 + 1000

0003.7 becomes 0.0037.

When dividing by 10™ we shift the decimal point n places to the left.

The number becomes 10™ times less than it was originally.

a 0410

=04+ 10 {10 = 10, so shift the decimal point 1 place left.}
=0.04

b 0.18 =- 1000

=000.18 + 10° {1000 = 10%, so shift the decimal point 3 places left.}
= 0.00018
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EXERCISE 6G.2
1 a Divide 84.6 by:

i 10 ii 100 iii 1000 iv 10°
b Divide 0.7 by:
i 10 ii 1000 iii 10000 iv 108
2 Write as a decimal number:
a 6+10 b 9210 ¢ 52910 d 529+ 100
e 529+ 1000 f 529 +10000 g 03+10 h 0.3-+1000
i 0.97+100 j 0.06+10 k 0.06 100 I 0.022 -+ 1000
m 7.7-+10000 n 0.2963 + 100 o 0.0035+ 100 p 51.6 = 1000

YING DECIMAL NUMBERS

We can explain how decimal numbers are multiplied by first converting the decimals into fractions.

For example, consider the product 4 % 0.03
4 3 . .
e} X 100 {converting to fractions}
_ 1
100
=012. {converting back to a decimal}
=0.12

So, to find 4 x 0.03, we multiply the whole numbers 4 and 3, then divide by a power of 10, in this
case 100.

Now consider the product 0.4 x 0.05

{multiplying fractions}

=t x 2 {converting to fractions}
10 100
20 . .
T {multiplying fractions}
= 0.020. {converting back to a decimal}
= 0.02

So, to find 0.4 x 0.05, we multiply the whole numbers 4 and 5, then divide by a power of 10, in this
case 1000.

With practise we do not need to convert the decimals to fractions first. We multiply the decimal numbers
as though they were whole numbers, then divide by the appropriate power of 10.

.M o) Self Tutor

Find: 0.3 x 0.07

03 x 007
= (3 x 7)+ 1000 {shifting the decimal points a total of 3 places to the right}
= 21+ 1000
= 0/027. {shifting the decimal point 3 places to the left}

= 0.021
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If the numbers have a whole number part, we can use one figure rounding to estimate the answer. This
allows us to check whether the answer we obtain is reasonable.

) Self Tutor

Find 7.9 x 3.2, and check your answer using a one figure estimate.

79 % 32 79
= (79 x 32) + 100 x 3 2
= 2528 + 100 , !
= 25/38. 158
— 25.28 9370

2528

Check: 7.9 x3.2~8x3=24
So, the answer appears reasonable.

EXERCISE 6H
1 Find the value of:
a 7x04 b 0.8x9 ¢ 6x05 d 02x04
e 0.6 x0.07 f 0.03x0.5 g 0.03 x 0.004 h 0.009 x 50
i 80 x 0.005 i 0.0006 x 40 k 30x0.6 I 300 x 0.07
m 2000 x 0.9 n 0.05 x 50000 o 0.4x0.5x0.2 p 03x07x05
2 Given that 22 x 471 = 10362, evaluate:
a 2.2x471 b 22x4.71 € 2.2 x471
d 22 x 0471 e 0.22x0471 f 2.2x0471
g 0.22x4.71 h 220 x 0.471 i 2.2x0.00471

3 For the following products:

i use one figure rounding to estimate the answer
ii evaluate the product.

a 2x1.8 b 3.1x19 ¢ 839x4.2
d 7.3x92 e 386x7.1 f 6.23x4.9

4 Evaluate, then check your answer using a calculator:
a 2.8x53 b 25 x 0.0004 ¢ 0.018 x 0.23

Find the total cost of 12 pens at $1.95 each.
Find the total cost of 35 door hinges at €2.50 each.

Find the total cost of 2.9 m of chiffon fabric at £5.79 per metre.

0 N O wn

I am about to bake biscuits for the school fundraiser. 1 buy
45 kg of flour at $0.69 per kg, and 25 kg of sugar at $1.24
per kg. How much money have I spent in total?
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9 Min loads 15 bags of soil improver into her trailer. Each bag
has mass 4.5 kg. Find the total mass of the bags.

10 Ron buys 2500 bricks, each weighing 4.3 kg, to build a wall
around his courtyard.

a Find the total mass of the bricks.

b Ron’s truck can only carry 2000 kg at a time. How many
truck loads are necessary to transport the bricks?

EEF DIVIDING DECIRAL NuMBERS

'INVESTIGATION DIVISION OF DECIMALS
What to do:

1 Copy and complete the following divisions. Look for a pattern which you can use to help
perform the divisions involving decimals.

a 800-+200=0, b 800=20=0, ¢ 80-+-200=00,
80 +20 =10, 80+2="0, 8 +20=0,
8g-2=0, 8§+02="0, 0.8+2=0,
08+02="0 0.8=0.02=0 0.08+-02=0

2 1In each set of divisions, what did you notice about the answers?

3 Did you find that in each set, the division by the smallest whole number was the easiest?

From the Investigation you should have observed that if both numbers in a division are multiplied or
divided by the same power of 10, the result of the division does not change. The division is casiest when
the divisor is a whole number.

These observations lead to the following rules for division with decimals:

When dividing a decimal number by a whole number, carry out the
division as normal, writing decimal points under each other.

m m The decimal points

Find: must line up.
a 325+5 b 0417+3
a 6.5 b 0.139
5{32.25 3[0.411%7
Answer: 6.5 Answer.  0.139
=
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When dividing a decimal number by another decimal number, write the division as a fraction.
Multiply the numerator and denominator by the same power of 10 so the denominator becomes a
whole number. Then perform the division.

Example 18 m
Find;

a 18+0.06 b 0021+14
a  18+0.06 b 0.021+14 0.015
_ 18 x 100 _0.021 x 10 14]0,210
" 0.06 x 100 © 14x10 141
1800 0.21 —
= vy Ll
= 300 =0.015 o
L 0

EXERCISE 61

1

Find:

a 72-+2 b 32.7+3 ¢ 80.4-+4 d 0.45+5

e 0.225+9 f 1827 g 4626 h 332+4

i 0.649 11 j 0.0411+3 k 3.84=-38 I 0399 =7
Find:

a 0.8+04 b 63+0.9 ¢ 1204 d 035+0.7

e 0.3+-0.15 f 0.25+0.05 g 3.6+-0.012 h 2.4-+0.003

i 0.96-0.12 j 10.88+-0.17 k 0.052+0.13 I 12.42 = 0.0023
Find:

a 75+5 b 121+1.1 ¢ 0.06-0.3 d 0.06 +0.003

e 22005 f 0232-8 g 0.055+25 h 0.049 ~0.07

Erica is painting a wall which has area 10.4 m?, She can paint an area of 0.4 m? each minute.
How long will it take her to complete the job?

Given that 182 + 13 = 14, evaluate:
a 182-+-1.3 b 18.2-+13 ¢ 1.82+1.3
d 182 =0.13 e 1.82+-130 f 0182+1.3

Use your calculator to solve the following problems:
a How many 0.15 m lengths of tape can be cut from a roll 37.5 m long?
b If $4300.65 is shared equally among 19 people, how much does each person receive?

¢ 5 diamonds have weights 2.738 carats, 1.02 carats, 0.7117 carats, 1.013 carats, and
0.8374 carats. Find:

I the total weight of the diamonds it the average weight of the diamonds.
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required to construct a 720 m drain.

$2.55, can be purchased with $58.657

Global
context

Leap Years

Statement of imguiry:

Global context:
Key concept:
At firres Related concepts:

Objectives:

Approaches to learning:

KEY WORDS USED IN THIS CHAPTER

e decimal number

How many £2.75 nut bars can be bought for £77?7
Determine the number of 2.4 m lengths of piping

How many tins of preserved fruit each costing

e decimal point

Decimal numbers are useful for describing natural
oceurrences,

Orientation in space and (e

Relationships

Measurement. Quantity

Knowing and understanding, Applving mathematics
m real-life contexts

Thinking, Rescarch

e cxpanded form

e hundredths e place value e round
e tenths e thousandths
REVIEW SET 6A _I'
1 State the value of the digit:
a 5 in 0.5271 b 6 in 47.0461
2 Write:
a 2.1023 in expanded form b 0.004 as a fraction in simplest form.
3 Write as a decimal:
" ¢ b & 2
4 Round:
a 28.549 to 2 decimal places b 0.4824 to 1 decimal place
¢ 45.613 to the nearest whole number d 0.5385 to 3 decimal places.
5 Write down the value of the number at point A:
S L PR e SR B R D
5 6 2.3 2.4
6 Evaluate:
a 0.71+0.296 b 9.27-3.04 € 87+3
d 06x08 e 14.2+8.93 f 63+0.7
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7 Insert <, >, or = between these pairs of numbers to make a true statement:

a 3.03 and 3.303 b 0.514 and 0.541 € 2404 and 2.044
8 a Multiply 8.59 by:
i 100 it 1000 iii 10°
b Divide 67.4 by:
i 10 it 1000 ili 10000

9 A race track is 2.55 ki long. How many laps
are needed to complete a 153 km race?

10 In one day a truck delivered 48 tonnes of sand
to a building site. The first three loads measured

11.25 tonnes, 13.76 tonnes, and 12.82 tonnes. . : X
How much sand was delivered in the fourth and e _‘_ﬁ il _\r 4 3 W
final load? et SRS iy

REVIEW SET 6B 0 R

1 Write in decimal form:
7 1 2 8

4 3
— 4 — b —+ — ¢ —
10 100 10 + 1000 100 + 10000

2 Write as a fraction in simplest form:
a 0.86 b 2.24 ¢ 0.045

Scott averages 3.28 steals per game for his hockey team. Round this to 1 decimal place.

& Given that 28 x 17 =476, find the value of:
a 0.0028 x 1.7 b 0.00028 x 170

Place the values 3.7, 3.86, 3.95, and 3.62 on a number line.

6 Evaluate:
a 428 +19.7 b 7.94-5.16 ¢ 200 x 0.016
d 11 —-4.13 e 0.091=7 f 0.24-+0.015

7 a Find 6.7 x2.2.
b Check your answer using a one figure estimate.

8 A thermos contains 3.2 litres of tea. How many 0.4 litre cups of tea can be poured from the
thermos?

9 A man is 1.3 times as tall as his daughter, who is 136 cm tall. Determine the height of the man.

10 Arrange these numbers from smallest to largest:  3.204, 3.23, 3.023, 3.234
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OPENING PROBLEM

When Cassi picks strawberries, she places them into n punnets,
which are small open boxes. She places 8 strawberries in each -
punnet, and there are 4 left over.

Things to think about:

a How can we use symbols to write the total number of
strawberries Cassi picked?

b Suppose that instead, Cassi places m strawberries in each
punnet, and p strawberries are left over. Write an expression
for the number of strawberries Cassi picked.

In this chapter we begin our study of algebra. In this area of mathematics, we use symbols to
represent numbers. We can then write algebraic expressions involving the symbols, to represent different
quantities,

The symbols used when writing algebraic expressions are called
variables or unknowns.

For example, suppose there are d dogs in a kennel. The
variable d represents the unknown number of dogs.

If two more dogs are added to the kennel, there are now
d + 2 dogs. This is an algebraic expression involving d.

m ) Self Tutor

Brent, Scott, and Takisha are sharing a bag of peanuts. Suppose Brent eats b peanuts, Scott eats
1 less peanut than Brent, and Takisha eats 3 times as many peanuts as Brent.

Write an algebraic expression for the number of peanuts eaten by:
a Scott b Takisha.

a Scott eats b — 1 peanuts. b Takisha eats 3 x b peanuts.

EXERCISE 7A.1

1 Suppose a bus has p passengers. 7 passengers get off at
the next stop. How many passengers are now on the bus?

2 Kurt, Robbie, and Leo play in the same hockey team. Last
season, Kurt scored g goals, Robbie scored 3 more goals
than Kurt, and Leo scored twice as many goals as Kurt.
Write an algebraic expression for the number of goals
scored by:

a Robbie b Leo.
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3 A man is n years old.
a How old was he 12 years ago?
b The man’s wife is 6 years older than he is. How old is she?
¢ The man’s mother is twice his age. How old is she?

4 A hotel has z floors, with y apartments on each floor. How many apartments does the hotel have
in total?

5 My neighbour has x cats. Write an expression for their total number of:

a tails b eyes ¢ legs.

m o) Self Tutor

In the fridge there are 2 punnets with strawberries in them,
plus 4 strawberries left over.

Write an expression for the total number of strawberries if:
a 6 strawberries have been put in each punnet
b 9 strawberries have been put in each punnet
¢ s strawberries have been put in each punnet.

a If 6 strawberries have been put in each punnet,
then there are 2 x 6 + 4 strawberries.

To write more

b If 9 strawberries have been put in each punnet, complicated algebraic
then there are 2 x 9+ 4 strawberries. expressions, it helps

¢ If s strawberries have been put in each punnet, to first look at specific
then there are 2 x s +4 strawberries. ATOGEEE GEATEIES,

6 For dessert there are 3 punnets of blueberries, plus an
extra 7 blueberries. -

Write an expression for the total number of blucbetries
if there are:

a 8 blueberries in each punnet
b 12 blueberries in each punnet
¢ b blueberries in each punnet.

7 A farm has 6 paddocks of horses, plus 5 stables with one
horse in each.

Write an expression for the number of horses on the farm
if each paddock contains:

a 2 horses b 4 horses ¢ h horses.

8 Answer the Opening Problem on page 140.
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RULES FOR WRITING ALGEBRAIC EXPRESSIONS

Algebraic expressions usually contain a mixture of numbers and symbols. To make it easier to write
these expressions, mathematicians have agreed on a set of rules:

PRODUCT NOTATION

e Except when confusion may arise, we leave out X signs between
multiplied quantities.
e Numbers are written before variables in any product.

For example, instead of 2 x ¢ or a X 2 we write 2a.

In a product where there are two or more variables, we write them
in alphabetical order.

For example, 2 x b x a is written as 2ab, and d x 3 x ¢ is written as 3cd.

m %) Self Tutor
Write in product notation:

a axb b bx3a € 2xa+bx3 d 2x(a+bd)

a axb b b x 3a < 2xa+bx3 d 2x (a+0b)
= ab = 3ab =2a+3b =2(a+0b)

INDEX NOTATION

Justas 2x2x2x2=2% wewrite axaxaxa=at

In this case, a is the base and 4 is the index or power.

m o) Self Tutor

Simplify using index notation:

a 2xaxaxaxbxb b mxm—-—5xnxn
a 2xXxaxaxaxbxb b mxm—5Xnxn
= 2a°)? =m? — 5n?

When a product is written out in full, we say it is in expanded form.

For example, a®b is in index form, and a x a x b is in expanded form.

EXERCISE 7A.2
1 Which one of these algebraic expressions is written in correct product notation?
A 7Txk B k7 C kx7 D 7k

2 Which one of these algebraic expressions is written in correct product notation?
A rx5xy B 5yz € Sy D 5xzxy E zyb
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3 Simplify using product notation:

a 3xa b ax3 ¢ bxa d x5
e 6xn f cxd g mxk h nxb
i zxyx9 j exyxz k kxbxh I tx2X%xs

4 Simplify using product notation:

a zxXy+=z b 3xp+4xgq Cc pxq—r d p—gxr
e u—wx7 f cx44+dx9 g exf—gxh h 9—mxnx2
i 3x(d—3) i 4x(g+1) k (z—5)x7 I (z—y) x2
5 Write in expanded form:
a z? b ¢ 32? d 4m3
e 8z3y f 5pq? g c+4d3 h 302 —5uw?

6 Simplify using index notation:

a X2z b pxpXpXp ¢ dxXaxa

d bxbxbxh e Ixaxbxb f fxfxgxgxgxh
g fxf+rf h wxwxw+7 i exexe—2xexe
j 5xaxaxa+bxbd k dxzxyxy+zxz |l 5xat+axa

~ KEY WORDS IN ALGEBRA

Before we look further into algebra, we need to define some key words:

A numeral is a symbol used to represent a known number.
2
For example: 5, 0, —7, and 3 are all numerals.

A variable is an unknown quantity which we represent by a letter or pronumeral.

For example, we could represent:
e the number of carrots in my garden by c

o the speed of a cyclist by s.

An expression is an algebraic form consisting of numerals, variables, and operation signs such as +,

—, X, +,and v .

2z +5 and —3(2x — 1) are examples of expressions.
An equation is an algebraic statement containing an = sign.
3z —7=238 and g = 10 are examples of equations.

The terms of an expression or equation are the algebraic forms separated by + and — signs, the signs
being included.
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For example:
o the terms of 3z +2y+8 are 3z, 2y, and 8
e the terms of 2z — 3y — 5 are 2z, —3y, and 5.

Like terms are terms with exactly the same variable form. They have the same variables to the same
powers.

For example:

e 3z and 7z are like terms e 7z and 7 are unlike terms
e 8 and 7 are like terms e z and z? are unlike terms
e 3zy? and —10zy? are like terms e z and zy are unlike terms.

The constant term of an expression is the term which does not contain a variable.

For example:
o the constant term in 5z + 6 is 6
o the constant term in —7 + 322 is —7
e there is no constant term in z2 + z.

The coefficient of any term is its numerical part, including its sign.

For example:
e the coefficient of pin 2p+4 is 2
o the coefficientof 7 in 7 — 67 is —6
e the coefficient of 22 in z? +z is 1 since z2 is 1 x 2.

vITY 1 KEY WORD JUMBLE
Click on the icon and print the activity sheet. It is divided into three sections: AT
key words, definitions, and examples.
Print the sheet and cut out the boxes. Match each key word with its definition and
example. Glue the results into your exercise book.
EXERCISE 7B
1 Are the following statements true or false? Correct the statements which are false.
a —;—y is an equation. b 2+a+3b has 3 terms.
¢ 3p+5=1 Iisan equation. d The coefficient of z in 3z + 2 is 3.
e The constant term in 3z + 4y — 2 is 2. f g =6 is an expression.
2 Write down the coefficient of z in:
a bz b 3+4x ¢ 6y—5+4 8z
d 4z —y+2 e 54+2y+=x f —2¢4+3y—6

g -7 h 9—=z i 10— 7z
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3 State the number of terms in each expression of 2.
4 Consider the expression 3z + 5y — 7 — 2y.
a How many terms are there in this expression?

b What is the constant term?
¢ What is the coefficient of the fourth term?
d What are the like terms in this expression?

5 State the like terms in:
a 2x+3+52+5 b z+y+5z—y ¢ 2x+y? +3z+2y+4
d 3+ ¢>+ 7+ 44> e 2b+2ab+a f 2+ab+a+3ab

To help us understand better what an algebraic expression means, it is useful to draw pictures.

For example, the algebraic expression 2p + 3 ‘ ‘
can be represented by 2 punnets, each containing \' “ ’ ’
=

p strawberries, with 3 strawberries left over.

2p+3

We can use the pictures to help us understand whether two algebraic expressions are equal.

m ) Self Tutor

Suppose we have 2 punnets each containing p strawberries, and 5 strawberries left over.

a Represent each of the following groupings using an algebraic expression:

b What equal expressions can be made from these groupings?

a We count the objects in each group and write an expression for each in brackets.
i (p+2)+(p+3) i 2p+2)+3 i (p+49)+@+1)
b The total number of strawberries is the same in each case, and is equal to 2p + 5.
So, (p+2)+(p+3)=2p+2)+3=(p+4)+(pP+1)=2p+5
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EXERCISE 7C.1

1 Suppose we have 4 punnets each containing p strawberries, and 2 strawberries left over.

a Represent each of the following groupings using an algebraic expression:

E——
P oSS
I I

b What equal expressions can be made from these groupings?

2 For each of the following pictures, write two different expressions for the total number of strawberries
present. Assume there are b strawberries in each punnet.

@000@

3 Determine which of these are true statements:
a b+2)+(B+1)=2b+3 b 4b+2)=4b+6
c b+ +(b+7)=2b+14 d b+2)+(26+2)=3b+2

By drawing diagrams, write simpler algebraic expressions for:
a 3p+2p b 3p+2)+(2p+4) ¢ 2(2p+3)

Let p represent the number of strawberries in a punnet.

a 3p+2p can be represented by: i 4 A

In total there are 5 punnets with Sz

p strawberries in each, §¢ afﬁ

3p+2p ="5p ¢
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b (Bp+2)+ (2p+4) can be represented by:

e e
A A »

%i

In total there are 5 punnets with p strawberries in each, plus another 6 strawberries.
(Bp+2)+(2p+4)=5p+6
¢ 2(2p+3) means 2 lotsof (2p+3), or (2p+3) + (2p + 3).

DD I DD e

In total there are 4 punnets with p strawberries in each, plus another 6 strawberries.
2(2p+3)=4p-+6

4 By drawing diagrams, write simpler algebraic expressions for:

a 3p+p b 4p+2p ¢ p+tp+3
d 3p+1+p+4 e 4(p+3) f p+2+p+5
g 2(p+2) h 3(p+4) i 5(p+1)

| Example 7 | «) Self Tutor

By drawing diagrams, write simpler algebraic expressions for:
a 5p—2p b 4p+3-—-2p—1 ¢ 3p+4)—(p+1)

Let p represent the number of strawberries in a punnet.

a 5p—2p is

which is 3p.

’ ’/w which is 2p + 2.

‘ “ “)/ which is 2p + 3.
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5 By drawing diagrams, write simpler algebraic expressions for:

a bp—3p b 4p-p ¢ 3p—3p

d 4p+3-2p e Ip+5-—p—-1 f 4p+5—-2p-3

3 (Bp+2)-(p+2) h (2p+4)—(p+3) i (5p+4)—(5p+3)
6 Match the equivalent expressions:

a 2(p+1) A 5p—2p

b 3p B 2(p+3)

c 4(3+2p) C 8p+16

d p+3+p+3 D 8+ 12

e 5p+5 E 2p+2

f 8(p+2) F p+5+4p

EXPRESSIONS WITH TWO VARIABLES

We now consider expressions with two different variables. In order for expressions to be equal for a//
values of the variables, the numbers of each of the variables must be the same in all of the expressions.

In the following drawings: “ represents 1 strawberry
,‘ represents p strawberries in a punnet

‘ represents ¢ strawberries in a crate.

%) Self Tutor

Write an algebraic expression for:

SO T <o

There are 2 crates, 1 punnet, and 3 more strawberries.

The number of strawberries is therefore 2c¢+ p + 3.

EXERCISE 7€.2

1 Write an algebraic expression for:

b = 0»“&
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Example 9 st o
1lustrate the following algebraic expressions:

1
2(2c+p+1) and dec+2p+2

What can you conclude?

2(2c+p+1) means two lots of 2c+p+ il

in each case, so no matter

The numbers of strawberries and each type of container are the same
what the values of ¢ and p are, the total number of strawberries must be the same.

2(2c+p+1)=4dc+2p+2

2 Tllustrate the following pairs of algebraic expressions.
In each case, what can you conclude?
a 2c+2p and 2(c+Dp) b 3p+c+2 and 2+3p+c

¢ 3(c+p+2) and 3c+3p+6 d 2(c+2)+2(p+3) and 2c+2p+10
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D mﬁemﬂma LIKE TERMS

Consider again the pictures of containers and strawberries we used previously:

represents 1 strawberry

represents p strawberries in a punnet

represents ¢ strawberries in a crate.

In this case, %’ E’ represents 2¢ 4+ p strawberries
N
and g’ represents ¢+ 3p strawberries.

Adding these together gives

Qﬁ"“

which can be rearranged to give

Using symbols, this means 2¢ + p+c+3p=3c+ 4p.

The algebraic expression on the left has been simplified by
collecting together the symbols which were the same. This is
called simplifying by collecting like terms.

W

< L
SRS RS &

We say we have
‘3 lots of ¢’ and
‘4 lots of p’.

2c and c are like terms that add to 3c,

and p and 3p are like terms that add to 4p.

Example 10
Simplify:

a c+cte+d+d b (n+n) - (m+m+m)

a ct+c+e+d+d b (n+mn) — (m+m+m)
L =3c+2d =2n—3m
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Simplify by collecting like terms:

a 4z +3x b 3z—2¢ € 8x—=zx d 3z+2
a dz+3z="Tx {4z and 3z are like terms}

b Jx—2z=1lx==x {3z and —2z are like terms}

c 8x—zx="Tx {8z —x is really 8z — 1z}

d 3z +2 cannot be simplified as 3z and 2 are not like terms.

EXERCISE 7D

1 Simplify:
a ata b b+b+b ¢ ata+b+b+bd
d 3+z+=x e f+f+2+f+1 f 3—a+2+a
g (p+p+p)—(¢+9q h 5—(g+9+9) i z+z+z+z+z—2
j 1—(r+r) k 5+(z+2z+2) 1 24m+m+n+3+n+n
2 If possible, simplify by collecting like terms:
a a+3a b 2y+2y ¢ Tty
d 2z+z+y e bb+T7b f 9r—6r
g 4x—5 h 8 —2n i 7p—>bp
j 32—3 k 3¢c—3c |l d+d+d+3
m 2+y+y n g+qg—q+¢g o 4de+4f
p 10w — 5w q 12x -6 r p+p+p+p
s h+h+h+h t 2z+5z+4z u 3z+4y—2x—y
) Self Tutor
Simplify by collecting like terms:
a 2r—4c b -3z« ¢ 3x+z—Tx
a 2z — 4x b -3z —z < 3z +x—"Tz
= —2z = —4x =4z — Tz
='—al?
3 If possible, simplify by collecting like terms:
a 3z—-5z b 2b-—6b € 3¢—3
d m—3m e x4z —4x f —f—f—f—-Ff
g —3y—y—2y h 45+2s—6 i 3a+3ab
j 4k — 8k k 4k —8k+4 I —15r—5
m —15r —5r n —t—t—2t o 2v—3v
p —3w+2w-—25 q z+y—2z r 2yty—x+1
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_Example 13| ) self Tutor |

Simplify by collecting like terms:

a 3a+b+4a+26+1 b 3a+6b—a—2p

a 3a+b+4a+2b+1 b 3a+6b—a—2b
=3a+4a+b+2b+1 =3a—a+6b—2b
=T7a+43b+1 =2a+4b

4 Simplify by collecting like terms:

a 6x+22+5y+y b p+2p+5¢+ 3¢ ¢ 4a+3b+3a+3b

d c+d—c+d e dv+3—-b5v-7 f Se+42—2—22

9 g+2h—g+3h h 5r4+5+¢t—7p i 8z —12y+4z—y

i a?b+ab? — 2a2b — qb? k 3zy — 2%y — oy + 422y I 2ab+ a?b — ab® — 342

5 Pat says that 4 — (p+p+p) is the same as 4—p+p+p.
a By replacing p by 3 in both expressions, show that Pat is wrong,
b Simplify each expression algebraically.

A ALceBRAIC PRODUCTS

Algebraic products are products which contain at least one variable.

5x 3k and z? x4y are examples of algebraic products.

To simplify algebraic products we:

e calculate the coefficient of the final product by multiplying all the numbers
e simplify the variables using index notation where appropriate.

o e

With practice you

) . should not need
implify: the middle steps.
a 6ax3b b 42?2 x 5z
a 6ax3b b 42 x5z

=6Xax3xb =4dxzxzx5xz

=18xaxb =20 x g3 {8 factors of z}

= 18ab = i

EXERCISE 7E
T Simplify:

a 4dex2 b 5x6z € 3yxT d 6 x4t
e 9p x bq f 4m x Tn g 8t x6¢ h 11z x 9y
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2 Simplify:
a 3zxz
e 6zx9z
i 3n x 4n?

m bz X xy

- T

Y X Sy
2?2 x 4z
Ty? x 6y

a X 3ab

What to do:

e Play in pairs, calling the players A and B.

€ 2ax7a d 8m x 4m
g (7z)? h z x 5z?

k 10k x 8k? I (22)2 %z
0 8z X dzy p 9z%y x Ty

1INK OF A NUMBER” GAMES

e Player A chooses a number while player B calls out the steps in each game.

e Choose a few different values in each game and take it in turns to be player A or B.

e Discuss the results. Letting the number be x, write algebraic expressions to describe the steps

in cach game.

Game 1

Step I:  Think of a number.

Step 2:  Double it.

Game 2
Step I:
Step 2:
Step 3:

Step 3:  Add 7.

Step 41 Take away 1.

Step 5:  Divide by 2.

Step 6:  Subtract the original number.

Step 7:

State the output.

Step 4:
Step 5:
Step 6:
Step 7:

algebraic expression.

Think of a number.

Add nine.

Multiply by two.

Subtract eighteen.

Divide by two.

Subtract the original number.

State the output.

ATING ALGEBRAIC EXPRESSIONS

If we know the values of all of the variables in an algebraic expression, we can find the value of the

To evaluate an algebraic expression, we substitute the given numbers for the variables, and then

calculate the result.

a c=14

Evaluate 3c+ 7 when:

b ¢c=10

o) Self Tutor

a If c=4 then
3¢+ 7
=3x4+47
=12+7

=19

b If ¢=10 then
3c+7
=3x10+7
=304+7

=37

Evaluate means
“find the value of”,




154

ALGEBRAIC EXPRESSIONS (Chapter 7)

EXERCISE 7F.1

1 Evaluate:

2247 when z=1
2z +1 when z =4

3y—1 when y=4
2+4+9d when d=2
12 —4a when a =2

(4
e 19—3g when ¢=3
g 3(k+1) when k=6

5(j —2) when j=17

2 Suppose we have 3 bags each containing
p potatoes, and 10 potatoes left over.
a Write an expression for the total
number of potatoes.

b Find the total number of potatoes
present if:

i p=5 i op=12

) Self Tutor

Always use
If =3 and y =2, evaluate: BEDMAS!
a 2z—y b 3(3y + 5z)
a 2r —y b 3(3y + 5z)
=2x3-2 =3(3x24+5x3)
=6-2 =3(6 + 15)
=4 =3x21
=63

3 If =3 and y =4, find the values of:

a 2z b z+3y ¢ 3z +2y d 4(z +vy)
e 6z—4y f 5y— 3z g 3(z—-vy) h 2(z+ 2y)
i 3(dz — 3y) j 6y—=x)—5 ke 3(2z — 5y) I 7+2y—6z

4 A group of z adults and y children attend a concert. Each adult
ticket costs €40, and each child ticket costs €15:

a Write an expression to represent the total cost for the group.
b Find the total cost if:
i =2 and y=2 ii
iil z=4 and y=7

x=3 and y=4

5 If p=4, ¢g=2, and r =5, find the value of:

a qg+r b pgr ¢ p? d pq
e r—gq f 3¢g—p g 2r—3p h 3¢?
i 3(p+39) i 9(2¢—-p) k 2(pr—11) I pg+aqr
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6 If a=2, b=0, and ¢ =3, evaluate:

a ati4c b 4a+5¢ ¢ 4(a—c)
e ¢? f o4 g -6
I ab+be i 8(2b-3c) k abe

NEGATIVE SUBSTITUTION

d 4a—4c
h 2(a+7c)
I 6(c—5a)

Variables do not always take positive values. They can also be assigned negative values.

To avoid confusion with signs, we usually write negative substitutions in brackets.

EXERCISE 7F.2

1 If w=-1, =2, and y= —4, evaluate:

a r—w b 4dxy C y—w
e wxy f wty—= g y—x?
i 3(z—2w) i z+wy k 2(z+vy)
2 If f=2, g=8&, and h = —5, find the value of:
a f—2g b % c f2-h
e 4(g—h) f flg+h) g 3(29 - 3h)

KEY WORDS USED IN THIS CHAPTER

e algebra °
e constant term °
e expanded form °
e numeral °
e substitution °

algebraic product
equation
expression
pronumeral
unknown

=

If =5 and y = —4, find the value of:

a 2z+3y b 2(x—vy) ¢ 2 —zy

a 2z + 3y b 2z —y) c z? — zy
=2x5+3x%(—4) =2(5 - (~4)) =52 —5x (—4)
=104 —12 =2(5+4) =25 — (—20)
=10-12 =2x9 =25+20
=2 =18 | Notice the use | =5

of brackets.

3(y +w)
h wz+xy
2w? — 3y
d 3h+5f
h g(h—3f)
coefficient
evaluate
like terms
simplify
variable
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REVIEW SET 7A g

10

Suppose a peach tree has p peaches, and 8 peaches are picked from the tree. Write an expression
for the number of peaches that are still on the tree.

Which one of these algebraic expressions is written in correct product notation?
A 4ba B axbx4 € abd D 4xaxb E 4ab

a How many terms are in the expression 4x2 + 622 4 42 + 1?

b State the coefficient of y in 22 + 3zy — Ty.

a 4 strawberries b 7 strawberries € s strawberries.

Suppose we have 2 punnets with strawberries
in them, plus 5 strawberries left over.

Write an expression for the total number of
strawberries if Mario has put in each punnet:

Find the like terms in the following:

a 222 —4zx+3+ 322 — 62 b 5a—3b+a—2b+1

€ 3c—c2+3c+2 d 2e+ef —4de+2ef +2f
Simplify, if possible, by collecting like terms:

a Tz+5z+5 b 2p+1+3p-3

€ 3x—5y+5z+5y d —7c+5d%+cd+4c
Write in index form:

a kxkxk b 5xmxmxmn € TXaxataxbxb
Evaluate:

a 4z+3 when =26 b 7(m—5) when m=9
Simplify:

a 5px7 b 2f x 4f ¢ 9s x 452
If a=-2, b=5, and ¢= —3, evaluate:

a abc b 5a—7b ¢ 3(2c—3b)

REVIEW SET 7B SR i

There are 3 cages which contain some birds.
How many birds are present in total if each cage
contains:

a 3 birds, and there are 2 flying nearby
b b birds, and there are 2 flying nearby
¢ b birds, and there are f flying nearby?

2 Write in expanded form:

a m? b 7t? ¢ 6xy3 d 4p? — ¢?
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For the expression 6z% — 2xy + 2y — 3y2, state the coefficient of y>.

& TFor the expression 6x — 6y + 2z +y + 1, state:
a the constant term

5 Simplify using product notation:

a zx7 b (c—d)x2
6 Simplify:
a 8—2 b 7a+6—2a—1
¢ 12¢—8—8q d 12z—-5—Tx+3
7 Simplify:
a 8ax3b b 3° x99y

8 3 boxes of teddy bears are delivered to a toy store,
plus an additional 2 bears.
a How many teddy bears are there in total if each
box contains ¢ bears?
b Find the total number of teddy bears if:

i t=3 N t=5 il t=12 iiii"

9 Determine which of these are true statements:
a b+4)+(B+5)=0b0+9
10 If a=-2, b=-3, and c=15, find the value of:
a c? b 2b—5a

Each of the 4 different symbols represents a number. The
sum for each row and column is given, except for one
value.

1 a Decide which of the options below shows the
correct value for each symbol.

A O=4 =8 @=6 v=7
B O=4, é=5 @=17 v=6
¢ O=2 =5 @®=7, v=3_8
D O=6 =3 @=8 v=2

b Hence, find the unknown value in the puzzle.

b the like terms.

€ gx8Xp

¢ 4mn x 11n?

¢ 3a?+4b—c

b (b+1)+(2b+6)=3b+7

<

17

[]

@ (1| L]

22

19

18

9 Is there a way to find the unknown value, without finding the value of each symbol?
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'SOFYA KOVALEVSKAYA (1850 - 1891)

As a girl she studied
three languages, music, art, and mathematics. She was a very
fast learner, but unfortunately many universities refused to allow
women to study mathematics and science. She therefore moved
to Heidelberg University in Germany, but even there she had to
dress in an unfeminine manner to be accepted by the male-dominated
mathematics department,

In 1874 she obtained a degree at the University of Gottingen, bul
because she was a woman she was unable to obtain work as a teacher
or researcher at any university.

In 1888 she went to Paris to continue her study. Following the death of

her husband and a battle with illness, she wrote hundreds of important

mathematical formulae. She became a lecturer at the University of Stockholm, and was awarded the
Bordin Prize by the French Academy of Sciences for her research on The rotation of a solid body
about a fixed point. Her work was so impressive the prizemoney was increased from 3000 francs to
5000 francs.

Unfortunately, Sofya died two years later at the age of 41, after being struck down by influenza.
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OPENING PROBLEM

Mason is in Year 7, running for school captain. His father
Peter is running for mayor of the local council. Mason
received 63 votes, while Peter received 2576 votes.

Things to think about:

a “Since Peter received more votes, Peter performed
better than Mason.” Is this a fair conclusion?
b What is a fairer way to compare their performances?

¢ Peter received 32% of the total vote for council mayor,
What does this mean?

d 105 students voted in the election for school captain.
What percentage of the total vote did Mason receive?

€ Who do you think performed better?

We use percentages to compare a portion with a whole amount.
by 100%, which has the value 1.

The whole amount is represented

Percentages are commonly used to describe interest rates, sale prices, test results, inflation, changes in
profit levels, employment levels, and much more.

% reads per cent, which means ‘in every hundred’.

If an object is divided into one hundred equal parts, then each part is called 1 per cent or 1%,

1 7 (1] 100
Thus, m =S 1% W m == 7% 1] ﬁ = 100%

So, a percentage is like a fraction which has denominator 100.

x
% = —

a Write 56% as a fraction with denominator 100.
78

b Write — asa percentage.
100

56 78
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It is very common to estimate percentages. It is important you are able to imagine the portion that a
particular percentage describes.

We often hear statements like: “contains 25% real juice”
“80% of the students passed their examination”
“the unemployment rate is 5%”
“40% off sale!”

We need to remember that 100% describes a whole, and the whole is made up of 10 lots of 10%.

0 075 s s e

0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%

EXERCISE 8A

1 What percentage is represented by the following shaded diagrams?
? IEEEEOEEEE ° COGEEEEEEE ¢ EEEEEEREEE 9 EEEEEEE

2 Write as a fraction with denominator 100:

a 13% b 37% ¢ 6% d 92% e 79%
3 Write as a percentage:
Bid 38 ) 4 12 o L
100 100 100 100 100
4 Computers use a shaded bar A _>_<J
to show the progress when IlIIIIiIIIIIIIIIlII
downloading a file.
Which progress bar shows the B x|
download to be: ---..-.--
a 50% complete c .
b 7% complete il e - o
L
¢ 40% complete
d 95% complete? D |
L L L1 | | | =

5 The members of the Brown family each have
their own shampoo bottle. Whose bottle is:

a 75% full b 20% full ‘
¢ 5% full d 90% full? i

4

s

Toby’s  Katie’s  Lily’s  Patrick’s
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AcTvil

What to do:

VERYDAY USE OF PERCENTAGE

1 Read the following examples of everyday percentage use:

o 25% of the homes in my street have roses growing in the front garden.

o 65% of students at a school voted for a greater variety of lollies in the school canteen.
e 27% of primary school age children do not eat fresh fruit and vegetables.

o The netball goal shooter had a 68% accuracy rate for the whole season.

e Sarah improved by 10% in her times table tests.

e Last year, over 52% of 5-14 year old children
played sport outside school hours.

e The number of children attending the cinema
during the school holidays has dropped 12%
since last year.

e The humidity at 9 am was 46%, and at 3 pm it
was 88%.

2 For each of the above examples, suggest:

a how the percentage may have been calculated
b why this information might be useful.

3 Discuss your answers with your class.

DISCUSSION .

Is it possible to have a percentage greater than 100%?
What would a percentage greater than 100% mean?

In what situations might it be reasonable to have a percentage more than 100%?

Percentages, fractions, and decimals can all be used to describe a part of a whole. It is important that
you can convert between these number forms.

CONVERTING FRACTIONS INTO PERCENTAGES

Many fractions can be converted to percentage form by first writing the fraction with denominator 100.
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s

Write as a percentage:

4 & 200

4 5 200
_1x25 _ 3x20 _ T2
T 4x25 T 5x20 T 200+ 2
_ 2% _ 60 _ 355
~ 100 ~ 100 ~ 100
=25% = 60% =35.5%

Not all fractions can be easily written with denominator 100, so they cannot be easily expressed as
a percentage using this method. Since we need to find out how many parts out of 100 the fraction

100

represents, an alternative method is to multiply the fraction by 100%. Since 100% = i 1,

multiplying by 100% is the same as multiplying by 1. We are therefore not changing the value of the

number.

o) Self Tutor

Write as a percentage:
3 7 2
10 ® 3 3
3 7 2
* o S 3
3 7 2
—4—0-><100% _§><100% —§><100%
_ 308 700 _ 200
=% % === %o =— %
=75% = 87.5% - 66%%
EXERCISE 8B.1
1 Write as a percentage:
o b 2 ¢ L ol e 2
10 25 20 2 5
¢ g g E h il_ i 341 709
4 50 200 1000 1000
2 Write as a percentage by multiplying by 100%:
) b 2 g g 2L e L
40 8 80 250 3

3 Use your calculator to write the following as a percentage, rounding your answer to 1 decimal place:

1 5 4
a - b - ¢ -
6 7 9

10 18
—_— e -_—
13 37
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A rectangular pizza is cut into 20 equal pieces as shown. (»

Chilli has been put on 4 pieces.
a What fraction of the pizza does not have chilli?
b What percentage of the pizza does not have chilli? L
¢ What percentage of the pizza has chilli? S

a There are 20 pieces and 16 do not have chilli.

LOSTERL does not have chilli.
ZUN The percentage with chilli
4 4x20 80 + the percentage without chilli
b = = — =80% e
5 5x20 100 0 = 100%.

80% does not have chilli.

¢ If 80% does not have chilli, then 20% does
have chilli. {80% + 20% = 100%}

4 A garden plot is planted with beetroot, carrots, and
lettuces as shown.

a What fraction of the plot has lettuces?

¢ What percentage of the plot does not have
beetroot?

b What percentage of the plot has carrots? !

o o>,
L4eN

s

A restaurant has 80 seats. 50 are occupied by diners.

a What fraction of the seats are occupied?
b What percentage of the seats are occupied?
¢ What percentage of the seats are unoccupied?

CONVERTING PERCENTAGES INTO FRACTIONS

To convert a percentage into a fraction, we first write it as a fraction with denominator 100. We then
write the fraction in simplest form.
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=) Self Tutor

Express as a fraction in lowest terms:
a 30% b 76% ¢ 120%
a 30% b 76% < 120%
_ 30 _1 _ 120
"~ 100 100 100
=071 tperis10) =05 rHCER s 4) = 120720 rHCF is 20)
100 =10 100 =4 100 = 20
=8 =19 =
T 10 25 " b
EXERCISE 8B.2
1 Express as a fraction in lowest terms:
a 7% b 6% ¢ 15% d 20%
e 100% f 55% g 150% h 8%
i 83% i 700% k 62% I 245%

2 84% of the students at a school are right-handed. What fraction of the students are:
a right-handed b left-handed?

CONVERTING DECIMALS INTO PERCENTAGES

To convert a decimal into a percentage, we multiply by 100%.

Example 6 B Selt Tutor

To multiply by 100,
move the decimal point

Write as a percentage: 2 places to the right.
a 0.28 b 0.064 ¢ 2.7
a 0.28 b 0.064 (4 2071
= 0.28 x 100% — 0.064 x 100% — 2.70'x 100%
= 28% = 6.4% = 270%

EXERCISE 8B.3

1 Write as a percentage:
a 0.38 b 0.93 ¢ 0.15 d 0.317
e 0.546 f 0.802 g 0.07 h 1.58

2 Write as a percentage:
a 09 b 0.004 0.059 d 0.4073
e 1.6 f 4.2 g 3 h 0.0026
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CONVERTING PERCENTAGES INTO DECIMALS

To convert a percentage into a decimal, we divide by 100%. To divide by 100,

move the decimal point

Express as a decimal:
a 31% b 150%
a 31% b 150%
= 031.% = 150.%
=0.31 =15

EXERCISE 8B.4

1 Write as a decimal:

a 89% b 60% c 18% d 8%
e 49.5% f 125% g 200% h 38.01%
i 37.5% j 0.002% k 129.8% I 77.7%
2 Copy and complete this table of common conversions:
Percentage | Fraction | Decimal | | Percentage | Fraction | Decimal
100% 10%
75% 5%
50% 1%
25% 332%
2
20% 665%

I[E QUANTITY AS A
'AGE OF ANOTHER

Percentages are often used to compare quantities. It is therefore useful to be able to express one quantity
as a percentage of another.

We may only compare quantities which have something in common. For example, expressing “5 bicycles
as a percentage of 45 cars” is not possible. However, expressing “5 bicycles as a percentage of 45 vehicles”
does make sense, because bicycles are a type of vehicle. We say we can only compare “like with like”.

Also, when we compare quantities we must make sure they have the same units.
For example, if we are asked to express “35 cm as a percentage of 7 m” we would normally convert the

larger unit to the smaller one. So, we would find “35 cm as a percentage of 700 cm”.

To express one quantity as a percentage of another, we first write them as a fraction
and then convert the fraction to a percentage.
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Example 8

Express 45 minutes as a percentage of 3 hours.

45 minutes 45 minutes

3 hours 3 X 60 minutes

45
ok 100%
= 25%

{write as a fraction
with the same units}

{100% = 1}

EXERCISE 8C

1 Express the first quantity as a percentage of the second:

a 2cm,5cm

1L,10L

4 km, 10 km

36 minutes, 40 minutes
75 mL, 375 mL

450 g, 1 kg

3 months, 1 year

800 mL,4 L

70 cents, $4.20

8 0 3 = —.wa 6 n

b 13 kg, 20 kg

$3, $6

6 m, 8 m

200 kg, 250 kg

24 minutes, 1 hour
800 m, 2 km

25 cm, 0.5 m

300 m, 1.5 km

14 days, 3 weeks

d
f
h

- 0O 3

Example 9

Express as a percentage:

a A test mark of 17 out of a possible 25.
b Out of 1600 vehicles sold in a month, 250 of them were vans.

Jl ) Self Tutor|

The quantities must
be written with the
same units.

1kg=1000 g
1 L = 1000 mL
1m=100cm
1 km = 1000 m
$1 = 100 cents

The fraction in a is
easy to write with
denominator 100.
The fraction in b
is not, so we use a

17 marks
25 marks
_ 17x4
T 25x4
__ 68
~ 100
= 68%

{vans are vehicles,
so units the same}

{100% = 1}

250 vans
1600 vehicles

250

= — X
1600
25000

~ 1600 %

= 15.625%

100%

different method.

2 Express as a percentage:

a 43 marks out of a possible 50 marks

b 470 chocolate bars sold out of 1000 made
d 75 marks out of a possible 120 marks

¢ 160 hybrid vehicles out of 400 cars sold
e a darts player makes 135 out of a possible 180 points.
3 Express as a percentage:

a 49 out of 70
d 84 cmoutof2m

b 440 mL outof 2 L
e 550 g out of 1 kg

¢ $18 out of $300
f 18 hours out of 1 day.
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4 The 25 students of a class were each given a calculator at the start of the year. By the end of
the year, six of the students had lost their calculators, and five of the students had broken theirs.
What percentage of the class had:

a lost their calculators b broken their calculators
¢ lost or broken their calculators?

5 A television station is required to show at least 55%
local programming between 6 am and midnight each
day.

The station averages 10 hours of local programming
during these times. Has the station met the
requirement?

6 Of the 1500 trains leaving a train station one day,
1290 left within 5 minutes of the scheduled time.
What percentage of the trains left within 5 minutes
of the scheduled time?

7 The table below shows the forest area and total land area of various countries.

Forest area (km?) | Land area (km?) | Forest as % of land area
Bangladesh 14394 130170 11.1%
Colombia 603 980 1109500 54.4%
Finland 221570 303890
Indonesia 937470 1811570
Madagascar 124960 581 540
Niger 11916 1266 700
Philippines 77198 298170
Spain 183493 498 800

a Use a calculator to complete the table. Round the percentages to 1 decimal place.
b Which country has the highest percentage of its land covered by forest?

INVESTIGATIO

The spreadsheet in this Investigation is used to record basketball scores. It will calculate each player’s
score as a percentage of the team’s total score.

T SCORING SPREADSHEET

In a basketball game, players had the
following scores:

Eric Chong 23 points
Bruce Tsang 37 points HLL b 0L L
Phan Nguyen 10 points
KJ Khaw 17 points
Raj Khoo 28 points

Mike Foo 2 points
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What to do:

1 Open the spreadsheet and enter the data as shown. A B c

2 Find the total score by entering the formula 1  Player Points Percentage
=sum(B2:B7) in cell BS. 2 Eric Chong -
3 Bruce Tsang 37
3 In cell C2, enter the formula =B2/$B$8 * 100. 4 Phan Nguyen 10
Fill this formula down to C7. Use the ‘Decrease 5§ KJ Khaw 17
P .00 h | h 6 Raj Khoo 28
Decimal’ icon | 3°§ on the toolbar to set the 7 Mike Foo 5
number of decimal places to 2. 8 Total 117

4 Discuss with your class why we used the $ signs
in the formula in 3.

5 Activate cell B8 and fill the formula across to C8. What do you notice?

In over-time, Eric scored an extra 7 points and Mike scored 4 more points. Change the points
on your spreadsheet. How has each player’s percentage changed?

PERCENTAGES AROUND US

What to do:

In this Activity you will be asked to calculate percentages of various things at home and at school.

In each case: e think about the method you will use to find the percentage
: e consider whether to count every item or use a sample
e estimate the percentage, then use your method to calculate it.

1 In your home, what percentage of:
a rooms have tiled floors b electrical goods are used every day

¢ groceries in your fridge were grown or made in your country?

2 Of all the students in your school, what percentage regularly buy their lunch from the school
canteen?

3 What percentage of your classmates:
a were born overseas b have at least one parent born oversecas?

& From a normal school week, what percentage of lesson time is spent on each subject?

To find a percentage of a quantity, we first convert the percentage
to a decimal, then multiply to find the required amount.

PERCENTAGE OF A QUANTITY

“of” indicates x

For example, 25% of €20
25

=0.25x €20  {25% = — = 0.25}
=€
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Find:

a 35% of $5000 b 12.4% of 6 m (in cm)

a 35% of $5000 b 12.4% of 6 m
= 0.35 x $5000 = 0.124 x 600 cm
= $1750 =744 cm

EXERCISE 8D (1 tonne = 1000 kg)

1

Find:
a 25% of 36
20% of 45

10% of 70

36% of £4200

125% of $600 95% of 5 tonnes

3.8% of 100 m 112% of 5000 mL
15% of 1 hour (in minutes) i 29% of 1 tonne (in kg)

- W@ 0 n
> - A O

Carly has 20 sweets. She gives 35% of them to her sister. How many sweets does Carly give away?

88% of seeds in a packet are expected to germinate. If the packet contains 150 seeds, how many
are expected to germinate?

In Formula One racing, a driver must complete at least 90% of the race distance in order to be
classified. How many laps of a 60 lap race must a driver complete to be classified?

In a class of 20 students, 70% are boys, 85% are 12 years old, 10% are 13 years old, and 35% catch
the bus to school. Calculate the number of students who:
a are boys b do not catch the bus to school
¢ are 12 years old d are either 12 or 13 years old.
A kitten will reach 70% of its adult body weight after
six months. If a cat weighs 4.5 kg when fully grown,

estimate how much it weighed when it was six months
old.

Fran’s Fruit Juice contains 60% orange juice. How much
orange juice is contained in a:

a 300 mL glass
b 2 litre bottle of Fran’s Fruit Juice?

An orchard produces 150 tonnes of apples in one
season. 30 tonnes of the apples are sccond grade,
8% are unfit for sale, and the rest are first grade.
First grade apples sell for $1640 per tonne, and
second grade for $1250 per tonne. Find:

a the weight of apples unfit for sale

b the weight of first grade apples

¢ the total value of the apple harvest.
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There are many situations where quantities are either increased or decreased by a certain percentage.

For example:
e class sizes are increased by 10%
o the price of goods increases by 4%

e a man on a diet reduces his weight by 8%

e a store has a 25% discount sale.

We will examine two methods for dealing with percentage increase or percentage decrease.

METHOD 1: WITH TWO STEPS

Using this method we e find the size of the increase or decrease
then e apply this change to the original quantity by addition or subtraction.

|_Example 11| <) Self Tutor

a Increase $5000 by 20%. b Decrease $80 000 by 12%.
a 20% of $5000 b 12% of $80000
= 0.2 x $5000 = 0.12 x $80000
= $1000 = $9600
the new amount .. the new amount
= $5000 + $1000 = $80 000 — $9600
= $6000 = $70400

EXERCISE 8E.1
1 Perform these operations using two steps:
a increase 160 kg by 10% b decrease 12 km by 25% ¢ increase $28 500 by 5%
d decrease 650 mL by 40% e increase 200 L by 2.5% f decrease £450 by 18%.

2 At the end of last year, Arthur’s international student group had 65 members. It has increased this
year by 20%.
a Find the number of new students who have joined the group.

b How many students are now in the group?

METHOD 2: WITH ONE STEP USING A ""MULTIPLIER"
The original amount is 100% of the quantity.

e If we increase an amount by 20%, then this is added, and in total we have
100% + 20% = 120% of the original.
So, to increase an amount by 20% in one step, we multiply the original by 120%.
The value 120% or 1.2 is called the multiplier.
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e If we decrease an amount by 20%, then this is subtracted, and we are left with
100% — 20% = 80% of the original.
So, to decrease an amount by 20% in one step, we multiply the original by 80%.
The value 80% or 0.8 is called the multiplier.

| Example 12 | =) Self Tutor

a Increase $5000 by 20%. b Decrease $80000 by 12%.
a To increase by 20%, we multiply b To decrease by 12%, we multiply
by 100% + 20% = 120%. by 100% — 12% = 88%.
the new amount .. the new amount
= 120% of $5000 = 88% of $80000
= 1.2 x $5000 = 0.88 x $80000
= $6000 = $70400

EXERCISE 8E.2 For a decrease, the

1 Find the multiplier for: multiplier is less than 1.
For an increase, the

a an increase of 5% b a decrease of 6% o

] multiplier is greater than 1.
¢ an increase of 12% d a decrease of 25% s
e a decrease of 49% f an increase of 34%.

2 Perform these operations using a multiplier:

a increase €750 by 12% b decrease 145 kg by 8%
¢ decrease 800 m by 16% d increase 800 L by 65%
e increase 128 km by 9% f decrease $850000 by 32%.

3 A bakery reported a 12% decrease in the sale of bread this year.
If the bakery sold 7000 loaves of bread last year, how many loaves did it sell this year?

4 Rita currently pays £250 rent per week, but has been told her rent will increase by 6%. How much
rent will she pay after the increase?

5 The price of a bus ticket in March was $5. The price rose by 10% in May, then by another 10% in
November. Find the cost of a bus ticket in November.

6 When increasing a quantity by 10% and then decreasing the
result by 10%, the overall result is to decrease the original
quantity by 1%. Use multipliers to explain why this occurs.

7 In 2010, farmer Chris produced 1000 tonnes of wheat. The
table below describes the percentage change in his wheat
harvest each year in comparison with the previous year.

2011 2012 2013

t20% | } 37.5% | 144%

a How much wheat did Chris produce in 20137
b In which year did Chris produce:

H 4l smn b wxrlannd HH 4lan Tancd x;lannd
UIC HIUSL WlCdl I UIC 1CddL wllbdl!
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8 The attendance at council meetings has dropped by 15% each month for the last 3 months. Find the
overall percentage decrease in attendance over this period.

NDING A PERCENTAGE CHANGE

If we increase or decrease a quantity, the change in the quantity is the final amount minus the original
amount.

change = final amount — original amoun